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CHAPTER

ANALYSIS

1.1 Measure theory

Exercise 1.1.1. Give an example of a set E, a g-algebra < on E and an application f: E — F such
that
{f: Aes}

is not a o-algebra on f(E).

Solution ofExercisell.l.l. Take for instance E :={1,2,3}, o« := 0 ({{3}}) = {®,{1,2},{3}, E}, and [ defined
on E by f(i) ;= (-1)". Then f(®) =@, f({1,2}) = f(E) ={-1,1}, and f({3}) ={-1}, but

{f(A): Aed} - {¢,{—1},{—1,1}}

is not a o-algebra on f(E) (it is not stable by complement, as it does not contain {1} = f(E) \ {-1}).
(This is due to the lack of injectivity of f.) ™

Exercise 1.1.2. Let
%::{[a,b): a,beqQ, a<b}.

Prove that the o-algebra 0 (%¢) generated by ¥ is the Borel o-algebra 2 (R) of R.
Hint. Recall that Q is dense in R.

Solution of Exercise 1.1.2. By definition 98(R) is a o-algebra containing all open subsets of R. As [a, b) =
(a—1,b)\ (a—1,a) is the difference of two such subsets, it is clear that € < Z(R). Since o(%€) is the
smallest o-algebra containing € we have o (¢) < B(R).

Let b e R. For all n > 1 there exists a rational number b, in the interval (b,b+ 1/n). Then b < by, <
b+1/nforall n > 1 and b, tends to b as n — oco. We observe that

(—o0, bl = | () [=m, by).

meN neN
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Indeed, if x € R with x < b then we can find m € N such that —m < x, and because b < b,, we have
x € [-m, by) for all n € N. Conversely, if x € Ris such that —m < x < b, forsome m e Nand foralln e N,
then taking the limit n — oo gives —m < x < b and in particular x € (—oo, b]. Since o (%) is stable by
countable unions and intersections, we deduce that o(¥¢) contains the family of intervals (—oo, b]
with b € R. But the smallest o-algebra containing this family is precisely 2(R), so 0(¥¢) 2 A(R). In
conclusion, o(€) = B(R). -

Exercise 1.1.3. Let E, F be two sets, «f and %8 two o-algebras on E and F respectively and f: E— F
an application. Recall the notion of inverse image

FUB)y = {x €E: f(x)e B}
of asubset B < F by f.

1. Prove that the set of subsets of E defined by

By = {f‘1<B): Be %}
isa o-algebraon E.
2. Prove that the set of subsets of F defined by
fled) = {B cF: fUB)e d}
is a o-algebra on F.

Solution of Exercise 1.1.3. In both questions we need to check that the three axioms defining a o-
algebra are fulfilled.

1. First, f~1(F)y = E since f(x) € F for all x € E, so E € f~1(%). Second, if A€ f~1(2) then A =
f‘1 (B) for some B € 98, so F\ B is also in 98 because 28 is a o-algebra on F, and since
fX)eEF\B < f(x)¢B
— x¢ [YB)
— xeE\f B,
which means that f~1(F\B) = E\ f~1(B) = E\ A, the set f~1(%) is stable by complement. Third,

if A;, As,... € f‘l(%’), then there exist By, By, ... € 9 such that A,, = f‘1<Bn) for all » > 1. Since
Un>1Bp is again in 28 (because 2 is a o-algebra), and

felUBrn = 3In=>1, fx)eB,

n=1

— dn=>1, xef_1<Bn>
= xe | 1B,

n>1

we have that
UA.=f" < U Bn> e f ),
n=1 n=1

and f~!(2B) is stable by countable union. Hence f~1(2) is a o-algebra on E.
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2. First f~1(F) = E € o« since «f is a o-algebra, so F € f[</]. Second, if B € f[«/] then f~1(B) € «,
and because again «f is a o-algebraon E, E\ f‘l(B> = f‘l(F\B) € of , proving that F\ B € f[</]
and so f[«/] is stable by complement. Third, if By, By,... € % then f~1(B;), f"1(B,),... € «/ and
thus

! < U Bn> =Ufr'Byeo

n>1 n>1

(because & is a o-algebral), so f[</] is stable by countable union. Hence f[</] is a o-algebra
onF. ]

Exercise 1.1.4. Let E:=[0,1),n€ {1,2,..} and 0 =gy < a; < --- < a, = 1. Give 0(€), the smallest
o-algebra on E which contains all elements of

%::{[ai_l,ai): 1<i<n}.

Solution of Exercise 1.1.4. Write [n] :={1,2,..., n} and &, for the powerset of [n]. Let
o = {U[ai_l,ai): Ie@n}.
iel
Then 0(€) = «f. Indeed:

(i) & isa o-algebra: it contains E (given by I = [n]) and is stable by complement (if A € «f is given
by I € 2, then E\ Ais given by [n] \ I € 27;,) and by (countable) union (take I = U;I;);

(ii) <« contains the elements of € (given by I = {1},{2},...,{n});

(iii) « is contained in o(%¥), since the o-algebra o(¥) must contain (countable) unions of elements
from 6. [}

Exercise 1.1.5. Let E be a set. Show that

o = {A C E: Aor E\ Ais finite or countably inﬁnite}
isa o-algebraon E.

Solution of Exercise 1.1.5. First, @ = E\ E is finite so E € «/. Second, if A € &/, then either E\ A or
A=E\ (E\ A) is finite or countably infinite, so E\ A € &« and « is thus stable by set difference. Third,
let Ay, Ap,...€ of and A:=U;,> Ap. If for each n > 1, A, is finite or countably infinite then so is A. If
otherwise there exists n > 1 such that E\ A, is finite or countably infinite, then E\ A must be also finite
or countably infinte, since E\ A< E\ A,. In any case, either A or E'\ A is finite or countably infinite,
so & is stable by union. It follows by definition that < is a o-algebra on E. n

Exercise 1.1.6. Let E be a set, «f a g-algebra on E and y, v two measures on (E,.«f) such that u(E) =
v(E) = 1. Prove that the set
9:={Aedt: pa) =via}

is a Dynkin system.
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Solution of Exercise 1.1.6. First, E € & since u(E) = 1 = v(E). Second, if A € E then E\ A is in &/
(because «f is a o-algebra) and

H(ENA) = p(E) — u(A) = v(E) = v(A) =v(E\ A),

hence E\ A € 2 (note that the equalities above hold because all quantities are finite). Third, if A;, Ay, ...
are pairwise disjoints elements of & then | |,,> A, € of (because Aj, Ay, ... € o and &« is a o-algebra)
and

el ] An): Y A =Y vAp) =v| || An
n=1 n>1 n>1 n=1
by the o-additivity of measures. It follows by definition that & is a Dynkin system. ™

Exercise 1.1.7. Let E be a set and «f a o-algebra on E. We suppose that < is finite or countably
infinite. For x in E we define

Ax):= [ A
Aeod
s.t.x€A

1. Show that A(x) € «f and that A(x) is the smallest element of o which contains x. (Prove that for
al Aeof, x€e A= A(x)c A)

2. Showthatforall x,ye E, ye A(x) = A(x) = A(y).
Hint. Usethat E\ A(y) € .

3. Let&:={B< E:dx€ E, B= A(x)}. Prove that of = 0 (&).
4. Let 22(&) denote the powerset of &. Show that the application

O: P(E)— A
%— |J B
Be%
is injective.

Remark. This exercise proves that there is no countably infinite o-algebra (as the powerset of any set
cannot be countably infinite).

Solution of Exercise 1.1.7.

1. By assumption, < is either finite or countably infinite, so A(x) is an intersection over a finite or
countably infinite family of elements of «/. Because o-algebras are stable by countable inter-
section, we have A(x) € of. The second assertion is immediate.

2. Assume y € A(x). The result of Question 1 with A = A(x) gives the inclusion A(y) < A(x). To
show A(y) € A(x) it is thus enough to prove that x € A(y). Butif x € E\ A(y), applying the result
of Question 1 with A= E\ A(y) gives A(x) € E\ A(y), and therefore A(y) < A(x) < E\ A(y) which
yields the contradiction y € A(y) N (E'\ A(y)). Hence A(x) = A(y).
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3. Because A(x) € o for all x € E, it is immediate that & < «f and thus ¢(&) < «f because « is a
o-algebra. Since for all A€ </,
A = U B

Begf s.t.
dxe A, B=A(x)

where the union is over a family which is at most countably infinite, the reverse inclusion holds.

4. First, as & < o the set & and therefore any of its subsets 98 € 22(&) is finite or countably in-
finite (so that ®(AB) € «f); ® is thus well defined from 22(&) to «f. Second, let B, B’ € P (&)
be different. By eventually exchanging 9 and %8’ we can assume that there exists x € E such
that A(x) € % and A(x) ¢ %’. Then ®(AB) # ©(A') since x € P(AB) (because A(x) € ¥ and
X € A(x) € (%)) but x ¢ ®(A') (because x € B’ for some B’ € %’ would imply B’ = A(x) by
Question 2, but this is impossible since A(x) ¢ 9’ by assumption). n

Exercise 1.1.8. Let (QQ, </, u) be a measured space. We write
Nui={NcQ: 3Be s/, N Band u(B) =0}
for the set of pu-negligible subsets of Q. Recall also the completion of «f w.r.t. u:
sty:={AcQ: IE P e’ Ec AcFand p(F\E) =0},

It is known that <7, 2 o/ is still a o-algebra on Q.
Show that o, = {Ac Q: 3(E,N) € o/ x N, A= EUN}.

Solution of Exercise 1.1.8.  We proceed by double inclusion. Let A:= EUN with E € &/ and N € A,.
There exists B € « such that N <€ B and u(B) =0. Then EC EUNC EUB = F € & with u(F\E) <
u(B) =0, s0 A€ of,. Conversely, let A € «,. Then there exist E, F € o/ suchthat Ec A< F and u(B) =0,
where B:= F\E. But N:= A\E € B€ </, sowehave A= EUN with E € &/ and N € #},. The equality is
thus established. -

Exercise 1.1.9. Let (Q,«/,u) be a measure space and f,,: Q — [-00,00], n € N, be a sequence of
measurable functions such that

f)= lim_f,(w)
exists for pu-almost every w € Q2. We denote by D the domain of the function f.
1. Recall briefly why D € of and f: D — [—o0,00] is measurable.
2. Recall what “pu-almost every” means in general, and here in terms of Q\ D.

3. We suppose that f;, > 0 for all n € N, and that the limit

L= lim /fndu

exists in [0, 00).
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a) What can you say about / fdu? Does it exist, is it finite? What if L = 0?
b) Show with the help of a counterexample that in general, / fndu + / fdu.

c) What additional sufficient condition on (f},) would imply / fndy— / fdu?

4. We no longer make the assumptions of Question 3, and suppose instead that f;, is integrable for
every n € N.

a) Show with the help of a counterexample that f is not necessarily integrable.
b) What additional sufficient condition on the sequence (f,;) would guarantee both the inte-

grability of f and the convergence / fndy — / fdu?

Solution of Exercise 1.1.9.

1. The domain of f can be written as the inverse image D = ®~1(A), where
A= {(x,y) € [—oo,oo]zz xX= y}

is a closed (thus measurable) set of [—00,00]%, and @ := (limsup f;,,liminf f;,) is a measurable
function from Q to [—oo,00]? since its components are two measurable functions, e.g.

{weQ: limsup f,(w) =>t1=) U {wEQ: fie(w) > t—%}ed, teR.

neNk>n

Then f: D — [-o0,00] is measurable because it is the restriction to D € &« of the measurable
function limsup f;,.

2. We say that a (not necessarily measurable) set A < Q occurs u-almost everywhere if its comple-
ment Q\ A is u-negligible, i.e, there is N € «f with N > Q\ A and u(N) = 0. Here, “lim f,(w)
exists for p-a.e. w € Q” means that D occurs u-almost everywhere, which is also equivalent to
w(Q\ D) =0Dbecause D € <.

3. a) As measurable nonnegative functions, the integrals (with respect to u) of f and f,,, n€N,
are well defined (and nonnegative). Moreover

/fdu:/1iminffndu<1iminf/fndp:L<oo

by Fatou’s lemma. If L = 0, then the integral of f is 0 and consequently f = 0 p-almost
everywhere (thatis, f = 0 up to a u-negligible set of points in Q): indeed, if it were not the
case we would have, by monotonicity of the measure,

lim?,u({weD: flw) > %}) = u({weD: f(w)>0})>0,

n—oo
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hence

/fdu>%u({w€D: f(w)>%})

(this is Markov’s inequality') would be positive for some n € N.

b) Take (Q, </, ) == ((0,1),%((0,1)),dx), and f,, := n1 1, for n € N. Then as n — oo, fn(x) —
0 =: f(x) for every x € (0,1). But Fatou’s inequality is strict here: forall n € N,

/fd,u:0<1:/fndu.

c) The integrals converge if (f},) is a non-decreasing sequence of nonnegative funtions, that
is 0 < fi, < fu+1 for all n € N (monotone convergence theorem).

4. a) Take (Q,«/,u) = ([-1,1],%(-1,1]),dx), and f,,: x — nx/(1 + nx?), n € N. These are odd
continuous functions on [—-1, 1], there are thus integrable with

frnx)dx=0 (%)
[-1,1]

for all n € N; however the pointwise limit lim,_. f;(x) = 1{xx0;/x is not integrable on
[—1,1], even though here the integrals (%) obviously converge.

b) An additional sufficient condition would be | f;,| < g for every n € N, where g € L' (Q, o/, u)
is some integrable function (Lebesgue’s dominated convergence theorem). n

Exercise 1.1.10. Let A, denote the Lebesgue measure on (R?, B(R?)), and
D:={(s,s): s€(0,1)}, E:={(s,s+1):s,te(0,1)}.
Justify that D, E € %B(R?) and use the translation invariance of 1, to show that
1. 22(D) =0,
2. M(E)=1.

Solution of Exercise 1.1.10.  Let f: (s,t) — t — s. Itis a continuous and therefore measurable map.

1. We see that D = {(s, t) € (0, 1)2: f(s, ) = 0in{(s, 1) € (0,1)2: f(s,0)<0},soDe B(R?). Let A; =
(%, %) € R%. Then forall n €N,
112
o)
n

so A2 (D) < nA, ([0, %]2) < % by translation invariance. Hence A, (D) = 0.

n-1

DgU(A,-+

i=0

la.k.a. Chebyshev’s (first) inequality.
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2. Here E={(s,1) € (0,1) xR: f(s,1) <1} n{(s, 1) € (0,1) xR: f(s, 1) >0}, so E € B(R?). Moreover, E
is the disjoint union E = T; USu((0,1) + T»), where S := (0,1) x {1} is a segment and

T:=1{s,0€e01%: s<t}, To:={(s1€e01)7?: t<s}

are triangles (draw a picture). First we have 1,(S) = A1((0,1)) A ({1}) = 0, and second A,((0,1) +
T>) = A2(T>) by translation invariance. Consequently A, (E) = A (T U T>). As (0, 1)2=T,uT,uD,
we deduce that A, (E) = 1. ™

Exercise 1.1.11 (True or false?). Let A denote the Lebesgue measure on (R, (R)). Prove or disprove
(with a counterexample) the following statements:

1. Let A B(R).

a) If B< Athen B e (R).

b) If A(A) = oo then A is an unbounded set.

c) If A(A) < oo then Ais a bounded set.

d) If A(A) =0 then Ais a bounded set.

e) If Aisan open set then A(A) > 0.

f) fA(AN(0,1)) =1then An(0,1) is dense in (0, 1).
g) If An(0,1) isdense in (0,1) then A(An(0,1)) > 0.
h) If A(A) > 0 then A has a non-empty interior.

2. (In the following statements, measurability is meant w.r.t. the Borel o-field.)

a) If f: R— Ris differentiable, then f’ is measurable.

b) If fi, f2,...: R— R are measurable functions, then the set B := {x € R: lim,_ f5(x) exists}
is measurable.

c) If f:[0,1] — Ris such that {x € [0,1]: f(x) = c} is measurable for all c € R, then f is mea-
surable.

Solution of Exercise 1.1.11.

1. a) False, since there exists B < R with B ¢ Z(R).

b) True. If A is a bounded set then there exists r > 0 such that A < [-r,r], and therefore
A(A) < 2r < oo.

c) False, since for instance the unbounded Borel set

o0
L
n=0

)
nn+—
n!

has Lebesgue measure e < co.

d) False, since for instance Q is an unbounded Borel set with A(Q) = 0.

10
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e) False, since @ is an open set with A(@) = 0. However, any Borel set A € #(R) with non-
empty interior (in particular, any non-empty open set A) must contain some non-empty
interval (a,b), so A(A) > b—a > 0.

f) True. Indeed A((0,1)\ A) =1—-A(AN(0,1)) = 0 so by the previous answer (0,1) \ A cannot
have a non-empty interior, which precisely rephrases that An (0, 1) is dense in (0, 1).

g) False, since QN (0,1) is dense in (0,1) and A(Q@ N (0,1)) < A(Q) =0.
h) False, since (0,1) \ Q has an empty interior and A((0,1) \ Q) = 1. See also the fat Cantor set

for an example of a nowhere dense set having yet a positive Lebesgue measure.

2. a) True, since f'is alimit of measurable functions:

Ly_
£ = tim LT 2

n—oo ES
n |

b) True, since B = {x € R: liminf f,,(x) = limsup f,(x)}.

c) False. Let A c [0,1] be some non-measurable set. Define f: [0,1] = Rby f(x) =xifxe A
and f(x) = —xelse. Then {x e R: f(x) = c} is a subset of {+c}, so measurable (for any c), but
FHI0,1]) = A¢ BR).

Exercise 1.1.12. Let A, denote the Lebesgue measure on (R", 28(R™)). Show that for any hyperplane
HcR" A, (H) =0.

Hint. Show first A, (Hy) = 0 for the hyperplane Hy := {(xy, ..., x,) €R": x;, = 0}.

Solution of Exercise 1.1.12. As Hy = R"~!x{0}, we have A,,(Hy) = 0 (could you explain why?). Now if H c
R" is any hyperplane, there exists a non-zero vector e, € R" such that H ® Re, = R". Let (ey,...,e,-1)
be any basis of H and T: R"” — R” be the linear isomorphism which maps the standard basis of R"

onto (eq,...,e;). Then
An(H) = A, (T (Hp)) = |det(T)| A, (Hp) = 0. =

Exercise 1.1.13. Let (Q, </, u) be a measure space and f: Q — [—o0,00].
1. We suppose that f € L! (Q, <, ). Show that | f (w)| < oo for py-a.e. w € Q.

2. We suppose that there is a sequence f;,, n € N, converging to f in L}(Q, <, ). Show that there is
a subsequence (f,) of (f,,) converging to f u-a.e., thatis

lim f, ()= f(w)
k—o0
for y-a.e. w € Q.
Solution of Exercise 1.1.13.

11
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1. By monotonicity of the measure, we have
VneN, pu(weQ:|f(w)l=o0d) <plweQ: [flw)l>n}),

where, applying Markov’s inequality,

I fll1 0.
n

n—oo

plweQ: | f(w)|>n}) <
Hence pu(fw € Q: | f(w)| =o0}) =0, thatis | f (w)| < oo for pu-a.e. w € Q.

2. Since f,, — finLY(Q, o, u), we can build (by induction on k € N) an increasing sequence (1) ren
of integers such that || f;,, — fll1 < 27k for all k € N. But then by monotone convergence theorem
we have

/(i |fnk_f|)dN: i ”fnk_f||1<00,
k=1 k=1

which using the result of Question 1 implies that the series

Y 1 fn (@) = f ()]
k=1

converges for p-a.e. w € Q; in particular | f;,, (w) — f ()| — 0 at least for such w. n

Exercise 1.1.14. Let a € C with |a| < 1. Show that the two sums

) n () 2m-1
a a

Z 1 _ a2n and Z 1 _ aZm—l

n=1 m=1

are well defined and equal.
Hint. Introduce f;, », := @™~V for m, n € N and apply Fubini’s theorem.

Solution of Exercise 1.1.14. We see f: (n,m) € N> — f,, ,, € C as a measurable function on the product
of the o-finite measure space (N, 22 (N), #) with itself, where # is the counting measure. Then

deof & X S 00 |a|2m—l
/#(dm)/#(dn)|fn,m| =Y > (la™hH"=3) PR —
m=1n=1 m=11- |al
which is a converging series; indeed
00 |6l|2m_1 om-1_ |6l|
<00
le—|a|2m TS Z' | (1-lah(1-lal?)

— we could also check the convergence by the ratio test. Now, theorems of Fubini-Tonelli and Fubini-
Lebesgue say that f is integrable and that we may interchange the orders of summation. The two

sums 5 1
> >
m=

fam= L T et

18

1n=1

S
Il

and
_ nm o0 al’l
Zanm—Za”Z(a) =)L T
n=1m=1 n=1 l-a
are thus well defined and equal. m

12
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Exercise 1.1.15. Let (Q, </, u) be a measure space.

1. LetneNand fi,..., f, e L (Q, o/, 1). Show that

Ui fuly < TT1 e
i=1

Hint. Proceed by induction and recall Hélder’s inequality.

2. We suppose here that y = P is a probability measure (i.e, P(Q2) = 1). Show that for every finite
family {A,,..., Ay} <€« of events on Q,
P(A1n--nAy) < [P(A)--PAy)] "

Remark. By comparison between arithmetic and geometric means, this inequality is sharper
than the (trivial) inequality

P(A) +---+P(Ap)
- .

P(A1Nn---NAy <

Solution of Exercise 1.1.15.

1. We show by induction on 1 < k < n that f; --- fi. € L *(Q, o, u) holds together with the inequal-
ity
k
Ifie filnre < T filln- (%)
i=1

Case k = 1 is trivial. Suppose 2 < k < n. By induction we know that fi --- fi_; e LY *~1D(Q, o, ).
Now if we apply Holder’s inequality to the product of (fi -+ fi_1)™F e LE®&=D(Q, o7, 1) by fk”/k €
L5Q, o, 1), with the conjugate exponents k/(k —1) and k respectively (as m + % =1), then
we precisely get that f; - fi € L"*(Q, o7, 1) and

I Sl < Ui femallm =l filln

which, using the induction hypothesis, gives (x) as desired. This inequality is therefore true for
k = n, what we wanted to show.

2. This follows directly from Question 1 with f; := 1 4,, thatis f;(w) =1 if w € A; and 0 otherwise.
Indeed, | fi -+ fulh =P(A1n---N Ap) and || fill , = P(A) Y™ ]

Exercise 1.1.16. Let (Q, </, u) be a measure space. We suppose that there exists a measurable func-
tion f: Q — (0,00) such that f and 1/ f are integrable (w.r.t. u). Prove that u is finite.

Solution of Exercise 1.1.16. We have 1 < 3 (x+ 1) for all x > 0. Therefore, by linearity of / ,

,u(Q):/ld,ugl(/fdu+/ldu)<oo.
Q 2\Ja of n

13
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Exercise 1.1.17. Let (Q,<f,u) be a o-finite measure space and f: Q — [0,00] be a measurable
function. Let E; :={w € Q: f(w) > t} for each ¢ > 0. Prove that

/fduz/ p(E) dAL (1)
Q (0,00)

Solution of Exercise 1.1.17. Note that f is a nonnegative measurable function and for all ¢ > 0,

W(Ey) = / 1 f(w)>y u(dw). Therefore, by Fubini-Tonelli’s theorem,
Q

/ W(Ey)dA; (1) =/ (/ Lirw)>n d/h(t)) p(dw)
(0,00) Q (0,00)

2/ (/ d/h)u(dw)

Q\J(©,f(w)

:/fdlj, | ]
Q

Exercise 1.1.18.

1. Compute the double integral

ff dAz(x,y)
(1+y)A+yx?)’

(0,00)2
2. Deduce that ,
logx b/
/ B anm ="
(0,00) xc—-1 4
2
Hint. Observe that L - © 1 .
1+yA+x%y) x2-1\1+yx? 1+y
3. Show that )
logx b4
/ L i ==
0,1) xc—1 8

Solution of Exercise 1.1.18.

1. The integrand is positive and continuous as a function of (x, y) € (0,00)2, so the integral is well
defined. Applying Fubini-Tonelli’s theorem gives

dAz(x,y) / 1 ( / dAq (x) )
- — dA
ff L+ NA+y22)  Jooo 1+ ooy 1+ 722 1(y)

(0,00)?
_ / dA; ()
0o0) 1TV

:”/ dAi(y)
(0,00 2vY1+Y)
J.[Z

?)

X—00

arctan(x,/y)
VY

x=0

where the last integral is easily computed by substituting u to /.

14
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2. Tonelli’s theorem gives also

dA2(x, y) dA; (x) x? 1
[ e ) (2
1+ +yx2) 000) X =1 J0,00\1+yx 1+y

(0,00)2
/ dA; (x)
= 5 lo
(0,00 X“—1

1
=2 / =B, (x),
()

yoo)x -1

y—o0o

1+yx2)
1+y

y=0

and we conclude by the result of Question 1.

3. The change of variable y = 1/x from (0, 1) to (1,00) yields

logx logy
da = dAy (),
/(0,1) 2 1(x) /(1,00) -1 1(y)

and we conclude using Question 2 and the linearity of / . n

Exercise 1.1.19. Let f: R? — [0,00) be a measurable function, and

I:= ff f(\/—210gucos(2nv),\/—210gusin(2ﬂv))dﬂtg(u,v).

(0,1)2

Show that

x2+y2

e 2
I:ff (7 )—dﬂ/(r )~
szxy(\/ﬁ)z 2y

Solution of Exercise 1.1.19. Clearly, the integrand in I is a nonnegative measurable function of (u, v).
We make first the change of variable (r,0) = (1/—2logu, 27 v) =: ¢(u, v) which is a 6! -diffeomorphism
from (0,1)? onto (0,00) x (0,27) (the inverse map is given by ¢ ~1(r,0) = (e~"*'2,0/2m)). We have

_i 0 e 112 1
det(Dp(u,v)) =| ur = —( 2 r) )
0 27 g
so (by the change of variable formula)
o112
I= ff f(rcos(0), rsin(0)) 5 rdA,(r,0).
/4

(0,00) x(0,27)

This is an integral in polar form which we finally rewrite into cartesian coordinates with the classical
transformation (x, y) = (r cos8, rsin0) (polar coordinates). Then

2 }’2
e 2z
I:ff (x,7) A2 (x, )
J) T e 120
as stated. -

15
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Exercise 1.1.20.

1. Let £ > 0. Show that

/ SINX 41 (= / ( / e sinxd; (x) | dAs ().
0n X (0,00) \J(0,1)

2. Deduce that

sinx 1—e Y (ysint+cost)
/ —dA(x) = / Y 5 dA1(y)
on X 0,00) 1+y

for all £ > 0, and conclude that

. sinx b/
lim —dA(x) = —.
= Jon X 2

Hint. Apply (properly!) the dominated convergence theorem.
. sinx .
3. Is the function x — —~ Lebesgue-integrable on (0,00)?

Solution of Exercise 1.1.20.

1. The map f: (x,y) — e Y sinx is (jointly) measurable since it is continuous in (x, y). Fubini-
Tonelli’s theorem shows that

|f(x, Y)IdA2(x, ) =/

(0,£)x(0,00) 0,1

:/ | sin x| A ()
on X

<00

(/ e XV dxll(y)) |sinx|dA;(x)
(0,00)

(there is no divergence at 0 because we may extend x — @ continuously with the value 1).

Therefore f is integrable on (0, ) x (0,00) and by Fubini-Lebesgue’s theorem we can compute
the integral in any order:

/ ( f(x,y)dﬂh(y))dﬂh(x):/ ( f(x,y)d/h(x))d/h(y).
0,1) \J (0,00) (0,00) \J(0,1)

But this is exactly

/ smxd/ll(x):/ (/ %Y sinxd/h(x))d/h(J’).
(0’ l') X (0,00) (Ov t)

16
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2. The first part is easy: writing Sz for the imaginary part of z € C, we have

/ e " sinxdd(x) = i‘s(/ e(_y”)xd)Ll(x))
©,1) ©,0)

__\s(y+z [ (cy+i)x x:t)

x=0

1+ y?
_1-e Y (ysint+cost)
B 1+ y?

for all (real) y > 0. Now, for any sequence of positive reals (#,) ,eny going to infinity, the sequence
of measurable maps on (0, c0)

1—e ™V (ysint, + cos t,)

LYy — , neN
fl’l y 1+y2

i) converges pointwise to the function g: y — W’ and ii) is dominated by the integrable func-

tion 2g, so we may apply the dominated convergence theorem. We get

sinx
/ W= [ fumdum
) X (0,00)
y—oo V4
—_— dA = t =
— [, _swdhw |arctany| =7

and as this is true for any sequence () ,en g0ing to oo, the result follows.

3. No, itis not! Indeed, since |sin(x + kn)| = | sin x| for any integer k, we have

| sin x| | sin x|
/ d/ll (x) =
000 X

dAq(x)

M8

1J (k=Dmkm) X

/ |sin x| dA; (x)
((k=1)m,km)

sinxdA; (x)

T T

.
Sl

toul
i
—

I
18

Il
18
7l 5171 3

Il
8 I
|

Exercise 1.1.21. Let (Q, </, u) be a measure space and f: QO — R be a measurable function. For
p€[l,00], weset || fll,:=oc0if f ¢ LP(Q,, ).

1. Let 1 < p < g < oo and suppose for this question only that pu(Q) < co. Show that

1f 1l < P 7 £l

(with the convention 1/0co0 = 0).
Remark. We get L9(Q, o/, u) < LP(Q, </, u) (under the above conditions).

17
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2. Suppose that f € L' (Q, «/, p) for some 1 < r < co. Prove that
Tim £l = 1 e

Hint. Show hm 1nf I fllp = | flloo using Chebyshev’s inequality.

Solution of Exercise 1.1.21.

1. We assume || fl; < oo, otherwise the inequality holds trivially. If g = oo, then the inequality is
clear since | f| < || flloo p-a.e. and

||f||,”,:/|f|”du</||f||é’odu:u(m £ 15
Q Q

Suppose now g # co. We apply Holder’s inequality to the function |f]” € LYP(Q, o, 1) and the
constant function g:=1e L' (Q, o, ) (since u(Q) < oco), where 1 < r <ooissuchthat p/g+1/r =
1:
_p
LFIL = 1F1P - gl < N FIPlgrplighy = w@' a1 F1E.

Raising this to the power 1/ p yields the desired inequality.

2. Let0<ée< | flloo- Theset A:={we Q: |f(w)| > |l fllo — € € &/ has positive measure by definition
of [l flleo, and [l 1l p = (I f lloo — €) (AP by Chebyshev’s inequality, so

hmlnfllfllp I flloo =

(If w(A) = oo, then liminf|| f|,, = co and the above inequality clearly holds.) As ¢ is arbitrary we
getliminf| f|l, > || fllo. To conclude, it remains to show that limsup || f|l, < [ flloo. By assump-
tion there exists 1 < r <oosuch that || f||, < oco. For r < p < oo we observe that | f|P < ||f||£o_r 1"
w-ae., so Il fll, <l fllas"PIf1}'P and thus

limsup | flly < I flloo-

p—oo n

Exercise 1.1.22. Suppose that (Q, &) = (Z,22(Z)) and p is the counting measure on Z and consider
the sequence space ¢ :=LP(Q, o/, u) for p € [1,00]. As above, we set | f, := coif f ¢ 7. Show that

Ifllg <Iflp

whenever 1 < p < g < oo. In particular there is the inclusion ¢” < ¢4.

Solution of Exercise 1.1.22. 1f q = oo, then clearly | flloo := sup,cz | f(n)| < | fll,. Suppose g # oo and
[ #0, otherwise there is nothing more to prove. Dividing both sides of the inequality by | /||, we may
consider f/| f|l, instead of f and it is therefore equivalent to show that

Y Ifml7<1

nez

under the assumption || f||, = 1. But this is immediate since then |f(n)| < 1 and, because p < g,
[f (M9 <|f(n)|? forallneZ. .

18
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Exercise 1.1.23. Let p # q in [1,00]. Prove that L” (R) \ LY(R) # @.

Solution of Exercise 1.1.23. Actually, for each p € [1,00], we can give an example of measurable func-
tion f: R — R such that for all g € [1,00], f € LY(R) if and only if q = p. If p = oo, then the constant
function f :=1isin L°(R) but not in LY(R) for any g € [1,00). If p # oo, let us introduce the measurable
function defined by

£ 0, if x <0,
x) =

x‘“”’(1+log2x)_1, if x>0.
We have |f(x)|” < x'(1 +log?® x)~! forall x > 0, so

—

A (d 0o
/If(x)lpﬂtl(dx) g/ #x)z = |arctan(log x) ! =7 <00,
R 0,00) X(1 +1og” x) x—0

hence f € L”(R). We now show that however f ¢ L9(R) for any g € [1,00] \{p}. Since f(x) — ocoas x — 0,
we have f ¢ L°(R). Let g € (p,00). Then as x — 0, | f(x)|7 = x~9'P(1 + log?® x)~7 dominates 2x~"'? for
p <r < q, so there exists a > 0 small enough such that

/ |f ()7 A, (dx) > / 1£(x)|9 A1 (dx) > / x7"'P 21 (dx) = oo.
R 0,a]

0,a]

Suppose finally g € [1, p). Then as x — oo,

/If(x)l"/h(dx)>/ If(x)lq/h(de/ x7P 1 (dx) = oco.
R [B,00)

[B,00) [ ]

Exercise 1.1.24 (Riesz-Scheffé’slemma). Let (Q, </, u) be a measure space, and f, f1, f2,... € LP(Q)
with p € [1,00). We suppose that, as n — oo, f,(w) — f(w) for y-a.e. w € Q and that || f,[l, — [ f1l ,. Let
sign: R — {—1,1} denote a function such that | x| = (sign x)x for all x € R, and write

fo = Falugasipy + sign f) 1y 1510
for every n e N.
1. Show that || f; — fll, — 0as n— oo.
2. Show that || f, - f,; Il — 0 as n — oco. Conclude that f;,, — f in L”(Q, o, ).
Hint. Use the convexity inequality (y — x)” < y? —xP for0 < x < y.
Solution of Exercise 1.1.24.

1. First, f,; is obviously measurable, and | f,;| < | f| with f € LP(Q, </, p), so the sequence of mea-
surable functions |f,; — f|P, n € N, is dominated by the integrable function 2”|f|P. Second, it
follows from the first assumption that, as n — oo, |f, () — f(w)| — 0 for p-a.e. w € Q. Domi-
nated convergence theorem then entails || f,; — fll, — 0 as n — oco.
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2. Clearly,
L= F | = Ly pi<ifun Ufnl = 1D < Ly i<t oy Ufnl = 10 D < U ful = 1 ],

8O | fu = i 1P < |ful? = |f, |7 using the indication. Hence, with the result of Question 1 and the
second assumption,

||fn—f,;‘||,’3:/ o= 1P A < fullp =1 1y —= If 1 =1 fl, = 0.
Q

—00
We conclude from Minkowski’s inequality that f,, — f in LP(Q, <7, u). n
Remark. One-line proof:
Fatou)

(
limsup|l f, - I} = 2p||f||g—li’£rlg}f/ 277N ful? + 1fIP) = fu = f1P] A <0
(2L v

n—oo 4

>0 (by convexity)

Exercise 1.1.25. If f: R — Ris measurable and & € R, we define 75, f: x — f(x+ h) “the translation
of f by h” which is obviously also measurable. Let 1 < p < g <oosuchthatl/p+1/g=1, f e LP(R)
and g € LY(R). Recall that the convolution f x g of f and g is given by

f*xgx) 1=/f(y)g(x—y)7tl(dy), Ar-a.e. (%)
R

1. Show that 7, f — fin LP(R) as h — 0.
Hint. Approximate f smoothly; note that p < co.

2. In the special case p =1 (so g = 00), show that the definition in (%) is actually valid everywhere
and makes f x g be a bounded and uniformly continuous function.

Solution of Exercise 1.1.25.

1. The change of variable y — y+ h easily shows thatforany h € R, 7j, f € LP (R) with ||t f| p=1Iflp.
Let g € 6.(R) be a continuous function with compact support. Then clearly 7, g — g pointwise
as h — 0 (and even uniformly since g is uniformly continuous). A fortiorit,g — gin L (R). (This
last assertion follows for instance from the dominated convergence theorem, or from either
Exercise 1.1.21 (Question 1) or Exercise 1.1.24...) Let € > 0 and recall that p < co. By the density
theorem in L”, there exists g € 6. (R) such that || f — g]| p < €. Minkowski’s inequality then gives

lthf = fllp<ltnf-Trglp+ltng—glp+lg—fl,
=2\f-gllp+lthg—glp
S2e+lthg—gllp

for any h € R. Using what precedes we get

limsup |l f - fllp <2,
h—0

and since ¢ is arbitrary, we conclude that 75, f — f in LP(R).
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2. Forall xeR,

/If(y)g(x—y)l/h(dy)éIIglloo/If()/)IM(dJ/):||f||1||g||oo<oo,
R R

so the definition of f* g by (*) is valid everywhere. Furthermore the triangle inequality gives | f %
g <IflIglloo, SO f *x g: R — Ris a bounded function. Finally, simple changes of variables
successively lead to

If*xgx)—f*xgyl =

/[f(t+X)—f(t+y)]g(—l‘)/11(dt)
R

< IIglloo/|f(l‘+x—y)—f(l‘)|/11(dt)
R

= 18llco I Tx—yf = flIh
for all x, y € R. Using Question 1, we get that | f * g(x) — f * g(y)| vanishes as |x — y| — 0, which
means that f x g is also uniformly continuous. m

Exercise 1.1.26. Let A denote the Lebesgue measure on (R, (R)). Recall that, by translation invari-
ance of A, for any E € Z(R) with A(E) > 0 the set

E-E={x-y: x,yeE}

contains some open interval centered at 0: Je >0, (—¢,€) < E — E. In this exercise we suppose that
f: R— Ris ameasurable function such that

V) eR?, flx+y) =)+ ). (%)
1. For k €N, justify that the set E := {x € R: | f(x)| < k} is in Z8(R) and, by observing the identity
Ut Exr =R,
keN

show that there exist k e Nand € > 0 such that: |x|<e = |f(x)| < 2k.
2. Deduce that f(x) — 0as x — 0.
3. Conclude that f(x) = f(1)x for all x € R.
Hint. Use the density of Q in R.
Solution of Exercise 1.1.26.

1. We have Er = {x e R: f(x) < k}n{x e R: f(x) > —k} € B(R) by the measurability of f. Next,
the observation is clear since E; < Ey4; and any x € R lies in Ej for k € N with k > |f(x)|. By
monotonicity of the measure, we have co = A(R) = limy_.o, A(Eg) so in particular there exists
k € N such that A(E}) > 0. Thanks to the recalled result there exists also some £ > 0 such that
(—&,€) € Ei — Ei. This means that when |x| < € we can find u, v € E;. with x = u — v, and thus

If@I=1fu-vl=I1f@-fWI<If@I+IfW)I<2k

(where the second equality follows easily from (x)).
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2. Property (x) also entails f(rx) = rf(x) if r € Z, and even if r € Q since gf(p/q-x) = f(px) =
pf(x) for all p € Z and g € N. Then with the previous notations we have |f(x)| = |f(gx)|/q <
2k/q when q|x| < g, so limsup| f(x)| < 2k/qg as x — 0. But the latter holds for any g € N; hence
f(x)—0asx—0.

3. Let x € R. By the density of Q in R there exist rational numbers r,, € Q such that r,, — x as n — oco.
Now using the preceding observations and the triangle inequality,

@) = x I E F0) = Fr) + rnf () = x fD] < | F(x = )| + 17 — xI | F (D]

where the right-hand side tends to 0 as n — oo, giving f(x) = xf(1). n

1.2 Linear differential equations

Exercise 1.2.1. Solve (over R) the following systems of linear differential equations:

X=x+z
L. {y=-y-2z
7 =2y+z

) x'=2x—-y+4t
|y =x+et

3 x' = cos(t)x —sin(t)y
" |y =sin(®)x+cos(t) y

Hint. Rewrite the system as a first order differential equationin z:=x+1y.
Solution of Exercise 1.2.1.

1. The system can be rewritten as X'(¢) = AX(t) where A is the (constant) matrix

1 0 1
A=|0 -1 -1}{.
0 2 1

The characteristic polynomial of A is P(X) := (X - 1)(X +i)(X — 7). Hence A is diagonalizable
over C, with simple eigenvalues 1, i, —i. Eigenspaces are:

1 1+ 1-1i
ker(A—I3)=C|0|, ker(A—il3)=C|1—-i], ker(A+il3)=C|1+1i|,
0 -2 -2
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from which we deduce a basis of (complex) solutions for the system. The general (complex)
solution has then the form

1 1+1i 1-i
t—ae'|0]|+Be | 1—i|+ye " |1+i], a,B,yeC.
0 -2 -2

The general real solution to the system is obtained by taking the real and imaginary parts:

1 cost—sint sint+cost
t—Ae'|0|+pu|cost+sint|+v|sint—cost]|, A, vER.
0 —-2cost —2sint

2. Suppose that (x, y) is a solution. As then x’ = 2x — y + 4t where the right-hand side is 6!, ex-
pression of y' we have x” = 2x' -y’ +4 = 2x' - x + 4 — e”!. Two independent solutions to the
associated homogeneous, linear, second order differential equation with constant coefficients
x"-2x'+x=0are t — e’ and r — te’. Hence the general solution to this homogeneous equation
is of the form

Xo: t— (a+bte’,

where a, b € R. To get a solution to the inhomogeneous differential equation x"—2x'+x = 4—e~ ",

there are several methods:

First method. We rewrite the equation and the previous solution into the “first order style”:

) =5 205

t 13
+b( te ) (1.2)

e
X'tHa( (1+1)e’

et

Then we let the constants a and b vary with ¢ in X. We find that X is a solution to (1.1) if
and only if:

a (e +b'(t)tet =0,
ame'+b A +pe’ =4-e7f,

giving (recall Cramer’s rule):
a'(r)=rte ' —4te™!,
b'(t)=4de ' —e 2!,
Integrating with respect to ¢ yields:
a() =1e?(16(1+ e’ —2t—-1) + A,
b()=1e7?'(1-8e")+B,

where A, B € R. We now plug this into the first line of (1.2). We deduce that if (x,y) is a
solution to the system, then necessarily x is of the form

1 -t t
x(t):4—:1e +(A+ Bt)e".
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Now y =2x— x'+ 4t gives:
3
y(©) =4r— Ze_t+(A—B+Bt)et+8.

Since the space of solutions to the system has dimension 2, we have here all the solutions.

Second method. With some intuition we can guess that there should exist a solution to x” —
2x' +x=4-e" of the form x(¢) = A + pe~ . Plugging in we find that 1 :=4 and p:= —i give
indeed a solution. We then add the general solution to the homogeneous equation for x,
and deduce y as in the first method.

Third method. We exploit the matrix notation U’ (t) = MU (t) + V (t), where
x(1) (2 -1 (4t
y(r))’ ‘(1 0 ) = (e)

Unfortunately M is not diagonalizable over C. But we may notice (and check by induction)
thatforn=0,1,2,...

Ut = (

Mn_(n+1 —n)

n 1-n
(or, observe that M = I, + N with N? = 0, and use the binomial theorem). This makes the
exponentiation of M easy. For each 7 € R,

(1+net —tet )

(tM)—itnM”—
exp B n! B tel (1-10et

n=0 "*

We then multiply the matrix equation by exp(—tM) € GL, (R) to get:

% exp(—rM)U(t)] — exp(—tM) [U’(t) - MU(t)] = exp(—tM)V ()
(beware that M does not depend on t). Therefore

exp(—tM)U(t) = /exp(—tM)V(t)dt+ (g

with A, B € R (we integrate component-wise), and finally
U(1) = exp(tM) [/exp(—tM)V(t) dt+ (g)]

3. We follow the indication. The system is equivalent to Z'(t) — e'’z(t) = 0, or (multiplying by
exp(ie'’) #0)

%[exp(ie”)z(t)] =0.

Thus the solution is z(f) = Cexp(—ie'!) = Cexp(sin(t) — i cos(t)) with C:= A+iB € C. We go back
to x and y by taking respectively the real and imaginary parts of z. In conclusion, the general
solution to the system is

x(1) = exp(sin(#)) [Acos(cos(?)) + Bsin(cos(1))],
y(1) = exp(sin(#)) [B cos(cos(t)) — Asin(cos(¥))],

with A,BeR. [ ]
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Exercise 1.2.2. We consider the following Cauchy problem.

A+2)x" —t1-t)x +1-t)x=0, (E)
x(0)=1, x'(0)=1.

1. Show that the functions ¢t — At, A € R, are solutions to (E) but that none of them is a solution to
the Cauchy problem.

2. Find all solutions to (E) by letting the constant A vary with ¢.

2+ 2+ 14 2t 2
— = —t——.
tA+12) 1412 t

Hint:
Now, solve the Cauchy problem.

Solution of Exercise 1.2.2.
1. The verification is immediate.
2. We look for solutions of the form x(z) = A(¢) - t. We find that x is a solution to (E) if and only if
C+r+ A +ta+H)A" () =0.

This is a homogeneous, linear, first order differential equation in A’ where the variables can be

separated:
d [1 IA’(t)I] 2+2+14 2t 2
—_ 0 — — — _ R
de 8 t(1+12) 1+ t
Al +¢?
Hence A= (T)e_tz/z,
A e
and finally A(t) = 78 +u

with A, p € R. The general solution to (E) is then of the form
x(t):/le_tzlz+ut, L UER.
We have x(0) = x'(0) = 1 if and only if A = p = 1. In conclusion, the solution to the Cauchy

problem is

—12/2

t—e "t -

Exercise 1.2.3. The goal is to find all twice differentiable functions f: R — R such that f(0) =1 and
V(s t) € R, fs+D+f(s—1)=2f(s)f(1). (%)
Let f be such a function.

1. Show that f is an even function.
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2. Show that f is a solution to x” = Ax for some constant A € R.

3. Conclude.

Solution of Exercise 1.2.3.
1. Substitute 0 for s into the relation (x).
2. On the one hand, differentiating the relation twice with respect to s:
ffs+0+f"(s—n=2f@)f"(s.
On the other hand, differentiating twice with respect to t:
s+ 0+ f"s—0=2f)f").
As a consequence: JHOTHOENIONMO)
for all s, t € R. Fixing s = 0 shows that f is a solution to x” = Ax with A := f"(0).
3. We now discuss regarding the sign of A:

(i) Case A =0:so f” =0, implying f is a linear function ¢ — At + B. Since f(0) =1 and f is an
even function, necessarily f = 1.

(ii) Case A < 0: here f” + w?f = 0 with w := vV—A. The general solution to this equation is
t— Acos(wt) + Bsin(wt). Since f(0) =1 and f is an even function, we deduce that f: t —

cos(vV—-ALp).
(iii) Case A > 0: similar. We find that f must be equal to  — cosh(vV11).

To summarize, any solution to the problem is necessarily either

r—1,
or t— cos(at), aeR,
or t — cosh(bi), beR.
We easily (nevertheless have to) check that these functions are indeed solutions. "

Exercise 1.2.4. Let A(f) := (a;,;(1)) € R"*" be a matrix, and X;(f),..., X,(¢) € R" be n solutions to
the linear differential equation
X'(t)=A)X(D). (F)

We define

W(t) = [Xl(t) ‘ Xz(t)‘ ’Xn(t) c R

and
w(t) =det(W(t)) =det(W;(1),..., W, (1)),

where Wi (1),..., W,,(t) are the rows of the matrix W (¢).
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1. Recalling that the determinant is a multilinear form, prove that

n
w'(5) =) det(Wi(0),..., Wit (8), W/(0), Wisa (0), .., Wa (1))
i=1

Check also that W/ (1) = ;7:1 ai,j()Wj(t) forevery i =1,...,n.

2. Recalling that the determinant is an alternating form, deduce that w is a solution to the homo-
geneous, first order, linear differential equation
y = tr(A(D) y.
3. Prove that either (Ve R, w(t) =0) or (Vt € R, w(f) #0), and that the latter happens if and only
if (X3, X5,...,X,,) is a basis of solutions to (F).

Hint. Recall the isomorphism X — X (0) from the solutions to (F) onto R”.

Solution of Exercise 1.2.4.
1. To find w'(f) use the expression of the determinant:

w(t) = Z EOYW1,6) () Wa 50) (£) - Wiy () (1),
geS,
or more generally, use the n-linearity to establish the following Taylor expansion of w(t + h) as
h—0:

w(t+h) = det(Wi(0) + hW{(2) + 0(h), ..., W(8) + RW;,(8) + o()]

n
=w)+h) det| Wi(),..., Wi—1 (1), W[ (), Wiz (£)..., Wu(8) | + 0(h).
The expression stated for #%(¢) is a direct consequence to the matrix identity W' (1) = A(t) W (1).

2. The determinant is zero whenever two rows are equal. Therefore, using the n-linearity and the
results of Question 1,

n

n
w'() =) a; det(Wl(r),...,Wi_l(t),Wj(r),W,-H(t),...,Wn(r))
i=1j=1

n

= " @i det(Wi8), ..., Wiet (0, Wi(0), W1 (1), Wy (1))
i=1

=tr(A(1) w(r).

3. It therefore follows that w(f) = w(0) exp( fottr(A(s)) ds), so either w =0 (w(0) = 0), or w has no
zeros (w(0) # 0). Moreover, the existence and uniqueness of a solution to the Cauchy problem
{X'(r) = A(H) X(1), X(0) = Xp} for any X € R” shows that ®: X — X(0) is an isomorphism from
the space of solutions to (F) onto R”. Clearly,

(X3,...,X,) basis of solutions to (F) < (®(Xj),...,®(X,,)) basis of R"
— (X7(0),...,X,,(0)) basis of R"
<~ w(0)#0
— VieR, w(t) #0. [ |
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CHAPTER

PROBABILITY

2.1 Combinatorial probability

Exercise 2.1.1. In an urn, there are 17 green, 5 blue, and 11 red, indistinguishable balls. Answer the
following questions (specify in each case the probability space):

1. We pick two balls simultaneously (without replacement). What is the probability that none of
these balls is red?

2. We pick three balls one after the other, with replacement. What is the probability that at most
two of these balls are green?

Solution of Exercise 2.1.1. We label the green balls G := {1,...,17}, the blue balls B := {18,...,22} and
the red balls R := {23,...,33}.

1. We can take
Q := {subsets of GU B UR having two elements}.

which has |Q| = (323) elements. The subset Q; = {w € Q: wNR = @} of outcomes where no red ball
is picked has [Q;| = (222) elements (where 22 = |G U B|), hence the probability P(Q;) = [Q;|/1Q| =
7/16.

2. Since balls are replaced in the urn, we now model the experiment by
Q:=(GUBUR)?,
which has 332 elements. The subset Q, := Q\ G® of outcomes where at most two green balls are

picked has |Q,| = 332 — 173 elements, hence the probability P(Q,) = |Q|/|Q|=1-(17/33)3. u

Exercise 2.1.2. We consider a 5-card hand from a traditional deck of 52 cards. Specify the probability
space and find the probability that the hand contains...
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1. five cards of the same suit;
2. four cards of the same rank;
3. five cards of sequential rank (the aces having both the lowest and highest ranks);

4. three cards of the same rank and two other cards of another rank.

Solution of Exercise 2.1.2. Setting R:={1,...,13} for the ranks and S := {A, B, C, D} for the suits, we can
take
Q := {subsets of R x S with 5 elements},

which contains |Q| = (552) outcomes (all possible hands).

1. Let s denote the projection RxS — S. The subset of outcomes where all cards have the same suit
is Q) := {w € Q: s(w) € {{A}, {B},{C},{D}}, which contains |Q;| = 4- () = 5148 elements. Hence

the probability

Q 33

P() = Kh =
Q] 16660
2. Let r denote the projection R x S — R. The subset of outcomes with four cards of the same rank

isQo:={weQ:Ahew, rw\{h}) € {{1},...,{13}}}, which contains |Q,| = 13 -48 = 624 elements
(fixing the rank, there are 48 possibilities for the fifth card). Hence the probability

Qo] 1

P(Qy) = —2 = —,
(€22) Q| 4165

3. The possible sequences of ranks are
& :=1{1,2,3,4,5},12,3,4,5,6},...{9,10,11,12,13},{10,11,12,13, 1}}.

Fixing the first component i € {1,...,10} of such sequences and choosing the suit of each card,
there are 4° ways to obtain {i,i +1,...,i + 4} (identifying the ranks 1 and 14 of the aces). We
deduce that the subset Q3 = {w € Q: r(w) € &} of outcomes with five cards of sequential rank
contains |Q3] = 10-4° = 10240 elements. Hence the probability

Q3] 128

P(Qg) == 22
(€25) Q| 32487

4. There are (3) ways of combining three cards of a given rank, and 12- ;) pairs of some other rank,
so the subset Q4 < Q of outcomes having three cards of the same rank and two other cards of
another rank has |Q4| = 13- (g) 12 (‘21) = 3744 elements. Hence the probability

Q4] 6

P(Qy) =2 2
(€a) Q| 4165 -

Exercise 2.1.3. Let X be a Poisson random variable with parameter A > 0, that is
k

y)
P(X=k) = e"LF, fork=0,1,2,...
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1. Show thatE[X] =
2. Show that Var(X) =

Solution of Exercise 2.1.3.

1. Clearly,
k
EX] Y kP(X = k) = Ae"‘z
k=1

2. Using the equality above,
Var(X) £ E[X?] - E[X]?

[
i 2 —A A 12

& K

fo') k+1
Z (k+ et _p
=AE

= A

[ 1+ A—A?

Exercise 2.1.4. LetneN, x€[0,1] and X,, be a random variable having the binomial distribution

with parameter (7, p), that is
P(Xn=/C)=(Z)Pk(l—p)n_k k=0,1,2,...,n

1. Show that E[X,] = np.
2. Show that Var(X,) = np(1 - p).

Solution of Exercise 2.1.4.
1. Recall that k(}) = ”(Zj) Hence

e n-1 -1
dek[P(X k) = Z("k )pk+1(l—p)”_1_k:np(p+1—p)”_1:np.

k=1

2. Using what precedes,

Var(X,) ©'E[x?] - E[X]?

n
2 2

=)k ()p(l P =np

k=1
— (S n—11 i _o\n=1-k_ 2 2
nZ(k+1) v P (1-p) n°p

= np(1+E[X,1]) - n°p

=npl-p).
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Remark. Another way to prove the above statements is to say that X, just counts the number of
successes in a sequence of n independent Bernoulli trials, i.e, X,, = Y; +---+ Y, with Y3,..., Y, ii.d.
Bernoulli(p) random variables. Then by linearity of E we have E[X},] = nE[Y;] = n(1-p+0-(1-p)) = np,
and further, because of independence, Var(X,,) = nVar(Y;) = np(1 — p) (indeed Var(Y;) = E[Y;] - E[Y;]?
since le =Y. m

Exercise 2.1.5. Show that ¢ :={[a, b): a, b € Q} generates the Borel o-algebra 2(R) of R.

Solution of Exercise 2.1.5. Recall that (R) is the o-algebra generated by the topology of R. Clearly,
o(¥€) < B(R). Conversely, since open sets are countable union of open intervals and o-algebras are
stable by countable unions, we just need to show that o(¥) 3 (a, b) for every —oo < a < b < co. By
density of Q in R, there exist a sequence (a;) ,en Of rational numbers decreasing to a, and a sequence
(bn) nen of rational numbers increasing to b. Then

(a,b) = U [an, byp) € 0(6).

neN
€€ | |

Exercise 2.1.6. Let ¢ = {C;}1<i<n be a finite partition of Q, i.e, Q = U’ , C; with Cy,...,Cy, all non-
empty and pairwise disjoint. Describe o (%), the smallest o-algebra containing €.

Solution of Exercise 2.1.6. Since o (%) is a o-algebra containing C, ..., C,, it must also contain all pos-
sible unions of these, namely the sets

cCh:=UGC, I<{1,2,...,n=nl.

iel

Let o« .= {C(I): I < [n]}. We show that conversely, «/ 2 0(¥¢). By minimality, it suffices to show that
o 2 %€ and  is a o-algebra. The first point is clear because C; = C({i}) € « for every i € [n]. For the
second point, we check the three requirements of the definition:

(i) < contains C([n]) = Q;
(ii) « isstable by complement since Q\ C(I) = C([n]\ I) for every I < [n];
(iii) <« is stable by countable union since Uyen C(Ix) = C(Uken Ix) for any I < [n].

Hence 0 (%) = «/. (This o-algebra has 2" elements.) n

Exercise 2.1.7. Let (Q), </, P) be a probability space.

1. Let A, B be two events, and its symmetric difference AAB := (AU B) \ (An B). Prove using the

axioms of probability that
|P(A) - P(B)| < P(AAB).

2. Let Ay, n > 1, be asequence of events with P(A;) =1 for every n. Prove that

p =1.

(1 A

n=1
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Solution of Exercise 2.1.7.

1. We observe that A < (AAB) U B. We deduce that P(A) < P(AAB) + P(B), i.e, P(A) — P(B) <
P(AAB). We conclude by exchanging the roles of A and B.

2. First note that P(A; N A2) = P(A1) + P(A2) —P(A;U Ay) > 1+1—-1=1. Iterating, we deduce that
P(By) = 1for By, :=1<k<n Ak, n = 1. Then, by a consequence of the o-additivity property,

p =P

(1 An

n=1

ﬂan) = lim| P(B,) = 1.

7’121 n—oo

Remark. Alternatively we could have applied the so called “union bound” (which also follows
from the axiom of o-additivity):

=P <Y pia) =o.

nz1 | |

U 4%

n=>1

1-P

M A

n>1

Exercise 2.1.8. Let X be a random variable with values in N. Prove that
[ 0]
ElX]=) P(X=>0)
=1

(with the convention that E[ X] = co in case the first moment of X does not exist).

Solution of Exercise 2.1.8. The summands are nonnegative, so

(o]

Y PX=0)=)
/=1

18

P(X =k)

N
Il
v
by
8L

[
18

L= P(X =k)
1

N
Il
—
byl
Il

o0
P(X=k) ) Ly
/=1

[
18

(Fubini-Tonelli)

T
L

[
18

kP(X =k)

[
0T
L

X].

Remark. This is a particular case of Exercise 1.1.17. n

2.2 Distributions, independence

Exercise 2.2.1. Suppose a distribution function F is given by
1 1 1
F(x) = Z]I[O,oo) (x) + 511[1,00) (x) + Z]I[Z,oo) (x).
Let P be the probability measure, P((—oo, x]) := F(x), x € R. Find the probability of:
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A=(-12,12), B=(-12,32), C= (23,52), D= [0,2), E= (3,00).

Solution of Exercise 2.2.1. Using that P((a, b)) = F(b—) — F(a) and P([a, b)) = F(b—) — F(a—), we find
P(A)=1,P(B)=1,P(C)=0,P(D)=3/4and P(E) =0. ™

Exercise 2.2.2. For each point U # N on the circle with center C (0;1/2) and diameter 1 below, the
line (NU) intersects the real axis at a unique point — we call X its abscissa:

N
U
cCre
S1(0;0) X R

We supmse_tl)lat U has a uniform distribution, namely we consider that the measure © of the oriented
angle (CS; CU) is uniformly distributed on (-, 7).
Show that X has the standard Cauchy distribution.

Solution of Exercise 2.2.2. By the inscribed angle theorem, a measure of (175’, ﬁ) is ®/2. Since NS =
1, the abscissa X is then given by X = tan(®/2), where 0/2 is uniformly distributed on the interval
(—%,%). As aresult, X has the standard Cauchy distribution — indeed, for every bounded continuous
functiong: R— R,

T

dx

Elg(X)] =E[g(tan(©®/2))] = / a1+ x2)
|

-7

(tan(@/Z))y—/ (x)
g on Rg

Exercise 2.2.3. Let X, Y be two independent Bernoulli(1/2) r.v. and Z := %(1 + (D)%),
1. Show that Z is a Bernoulli(1/2) r.v. which is independent of X and of Y.
2. Check that Z is not independent of (X, Y).
Solution of Exercise 2.2.3.
1. Clearly, P(Z =1) =P(X =Y) =1/2 so Z is a Bernoulli(1/2) r.v. Observing that{Z =1,X =1} =
{X =1}n{Y =1}, it is also clear that Z is independent of X. Symmetrically, Z is independent

of Y as well.

2. However P(Z=1,(X,Y)=1(0,1))=0# % =P(Z=1)P(X,Y)=1(0,1)), so Z is not independent of

(X, Y). [

Exercise 2.2.4.
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1. Let Xi, X»,... be identically distributed real r.v. and N be a Ny-valued r.v. We suppose N and X,

independent for each ¢ € N, and that E[| X;|] < oo, E[N] < co. Let the random sum

N()
Sw):= )Y Xp(w), weQ.
=1

Show that S is integrable and E[S] = E[N]E[X;].
Hint. Recall Exercise 2.1.8.

2. With one initial bet of 50 CHE you are allowed to roll two fair traditional dice. Each time the sum

of the two faces up is greater than or equal to 7, you win either 30 CHF or 40 CHF depending on
the result of a fair coin toss, and moreover you can roll the dice again. If however the sum is less
than 7, then the game is over. Is this game favorable to you?

Solution of Exercise 2.2.4.

n
1. We observe that S= lim )  1<n;X,, where
n—>OO€:1

<

18

n
Z Lio<ny Xo Lio<ni1 Xol (A-inequality + monotonicity)
/=1

~
Il
—

for every n € N, with further

18

E

[E[]l o<yl Xe I] (monotone convergence theorem)

(e 0]
Y Ll Xel | =
/=1

~
I

1

I
18

P(N = O E[| X] (N and X, independent)
/=1
[e,@]
=ElXil] ) P(N>0) (X1, Xo,... equally distributed)
/=1
= E[N]E[| X71] (Exercise 2.1.8)
< oo.

It thus follows from the dominated convergence theorem that S is integrable and
n
E[S] = ’}Eglo[;l[E[]l{égN}X[].
Repeating the last three equalities above (without the |-|), we obtain E[S] = E[N]E[X;].

Remark. This formula is known as Wald’s identity.

. Let S be the amount you would win in total. The sum of two dice is greater than or equal to 7 with
probability 21/36 = 7/12, so the number N € {0,1,2,...} of times you would win either 30 CHF
or 40 CHF has the geometric distribution with (success) parameter 5/12; thus

x (7\k 5 7
ENI=Y k|—]| -—==.
M= k() 5
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The part X you would get at time k = 1,2, ... is uniformly distributed on {30,40} and has there-
fore mean 35. Further, S = X; +---+ Xy where N is independent of X3, X>,... The result of Ques-
tion 1 then applies and

E[S] =E[N]E[X;] = g -35 =49 <50.

On average, the game is not favorable to the player. n

Exercise 2.2.5. Foranyrealr.v. X, let Fx denote its cumulative distribution function.
1. Checkthat lim Fx(f)=0 and lim Fx(f)=1.
t——00 t—o00

2. Let X and Y be two independent r.v. having the exponential distribution with rates A > 0 and
w1 > 0 respectively, e.g.
1-e M, iftr>0,

0, otherwise.

Fx(1) = {
a) Let 6 > 0. Show that 8 X has the exponential distribution with rate A/6.
b) Show that Z := min(X, Y) has the exponential distribution with rate A + p.

3. Let X, Xj, X»,... bei.i.d. real r.v. We suppose that for every n € N, the r.v. Z,, := nmin(Xy,..., X};)
has the same law as X and we note S:=1 — Fy.

a) Show that S(nt) = S(¢)" for every n € N and every t € R.
b) Deduce that P(X <0) =0, and S(r) = S(1)" for every rational r > 0.
c¢) Show thatif S(1) =0, then P(X =0) =1.

d) Assume now S(1) # 0. Show then that 0 < S(1) < 1, and conclude that X has the exponential
distribution with rate log(1/5(1)).

Solution of Exercise 2.2.5.

1. Using that X has values in R, and monotonicity (of P, and F), we have

0=P(X=-00) = P( Nix< —n}) = lim Fx(-n) = lim Fx(2).

neN

Similarly, tlim Fx(t)=1.
—00

2. a) This factis immediately derived from the identity Fgx(-) = Fx(-/0).
b) Forevery f € R,

1-Fz(t) =P(min(X,Y) > t) =P(X > t,Y > 1) = (1 - Fx())(1 - Fy (1))

(the last equality holds by independence), so 1 — Fz(¢) = min(1, e~ **#?), Hence Z has the
exponential distribution with rate A + p.
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3. a) Similarly to Question 2, for every ¢ € R,
S(nt) =P(rmin(X,..., Xp) >nt) =P(X; > t,..., X, > 1) = S(0",

where the last equality holds because Xj,..., X}, are i.i.d. r.v. with common distribution
function Fx =1-S.

b) For t <0, Question 1 entails that S(nt) = S(#)” must tend to 1 as n — oo, and since S(¢) €
[0,1], this forces S(f) = 1, i.e, Fx(f) = 0. Taking the limit as ¢ — 0— yields P(X < 0) =
Fx(0-) = 0. Now with ¢ = 1/n, we have first S(1) = S(1/n)", and second S(m/n) = S(m -
1/n)=S1/n)™ = S(1)"™'" for arbitrary m, n € N.

c) If S(1) =0, then S(1/n) = S(1)'"* = 0 for each n € N gives S(0) = 0 by right-continuity, i.e,
P(X < 0) = 1. Because P(X < 0) = 0 by Question 3.b), we deduce that P(X =0) = 1.

d) Assume S(1) # 0, so S(1) > 0. The fact that S(n) = S(1)” must tend to 0 as n — oo (Ques-
tion 1) forces S(1) < 1. Hence A :=log(1/5(1)) € (0,00). Now for each ¢ > 0, there is a
sequence (r,) of positive rational numbers decreasing toward ¢ as n — oco. The identity
S(rp) = S(1)'" = exp(—Ary,) for each n € N implies S(f) = exp(—At) by right-continuity.
We conclude that X has the exponential distribution with rate log(1/5(1)). (Conversely,
by Question 2, if Xj, X,... are i.i.d. Exp(1)-distributed r.v. for some A > 0, then indeed
nmin(Xj,..., X}) is also Exp(A)-distributed for every n € N.) =

Exercise 2.2.6. Let A and B be two points picked independently and uniformly inside the unit disk
D := D(0;1). Write Z := |AB]| for the distance between A and B. Find the probability that the disk
D(A, Z) with center A and radius Z lies inside D.

Solution of Exercise 2.2.6. We begin with a picture:

We can see that “the disk of center A and radius Z = |AB| lies inside D” means exactly “B belongs
to the disk of center A and radius 1 —r4". As B is uniformly distributed, for each fixed value a of the
random variable A, this has probability

dashed area _ (1 —r,)*

= (1-ry)>.
green area ( a)
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By independence between A and B, we just need to integrate this with respect to the law of r4. Let us
find it: for every bounded continuous function g: R — R,

/ 1
[E[g(TA)] = /Rz g( x2+y2)ﬁﬂ{x2+y2<l} dXdJi

density function of A

o) 2n 1
= / / g(r)=1y<y rdodr (polar coordinates)
0 0 T
(0]

:/ g(l‘) (2r]1{,<1})dr.
0

Hence the real random variable r4 admits the density 2r1,<1;, r > 0. The desired probability is there-
fore

00 1 1
/(1 —14)* Pr,(dry) :/ (1-r?2rl<ydr :/ 2r(1-r)?dr=—.
R 0 0 6

Exercise 2.2.7. Let X be a geometric random variable with parameter p € [0, 1], that is
PX=k=1-p)*'p, k=1,2,...
1. Compute the c.d.f. of X.

2. Let g € [0,1] and Y be a Geometric(g) random variable independent of X. Show that Z :=
min(X, Y) has the geometric distribution with parameter 1 — (1 - p)(1 - g).

Solution of Exercise 2.2.7.
1. Because X is integer-valued, P(X < ) =P(X < [t])=1-(1-p) Lz] (geometric sum), for all £ > 0.

2. By independence and Question 1, P(Z< ) =1-P(X>)P(Y > ) =1-(1-p)1 - q))“J for all
t > 0, that is the c.d.f. of a geometric distribution with parameter 1 - (1 — p)(1 — q). n

Exercise 2.2.8.
1. Give an example of c.d.f. having an infinite number of discontinuities.
2. Show that every c.d.f. has at most countably many discontinuities.

3. Let X, Y berandom variables with c.d.f. F, G respectively, and B be a Bernoulli(1/2) r.v. indepen-
dent of X and of Y. Compute the c.d.f. of Z:=BX+(1-B)Y.

Solution of Exercise 2.2.8.

1. For instance, the c.d.f. of a geometric distribution has a discontinuity at any ¢ € N.
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2. We first show a lemma: Let u be a probability measure and (A;) (e be a sequence of pairwise
disjoint events with u(A;) >0 forall t € I. Then I is at most countable.

1 1
Ik—{tEI H(AI)E(E;E]})

Indeed, the set

cannot have more than k elements (otherwise, if #1,.. ., f;;1 € I} are distinct then 1 > ,u(Uf;Lll Ap) =
Zf;rll W(As) > 1 #). Therefore I = Ugen Ix is at most countable.

Let now F be any c.d.f. and P the associated probability measure on R. Applying the lemma to
pw=P, I'={teR: F(t)- F(t-) >0}, and A; := {1}, t € I, shows that the set I of discontinuities
of F, is at most countable.

3. Partitioning w.r.t. the values of B and using independence,

P(Z<H=PB=1,Z<)+P(B=0,2Z<1)
=P(B=1,X<O)+P(B=0,Y <1
SPB=DPX<)+PB=0)PY < 1)
_F)+G(1)
==

Exercise 2.2.9 (True or false?). Prove, or disprove (by giving a counterexample), briefly the following
statements. We consider real r.v. on some general probability space (Q, «/,P).

1. About the laws of random variables.

a) For every measurable function f: R— R,

b) fP(X=1t)=P(Y=1t)forallteR,thenP(X=Y)=1.

c) fPX<H=PY <t)forallteR, thenP(X=Y)=1.

d IfP(X=1t) =P(Y =¢) forall t e R, then X and Y have the same law.

e) If X and Y have same lawand X >0a.s.,then Y >0 a.s.

f) If X and Y have same law, thenP(X < Y) =P(X > Y).

g) If X and Y have same law and X € L' (P), then Y € L}(P) and E[X] = E[Y].

h) If X and Y have same law, then X + Z and Y + Z also have same law.
2. About independence.

a) fE[XY]=E[X]E[Y], then X and Y are independent.

b) If X and Y are independent, then P(X =Y) =0.

c) If X and Y are independent, then P(X = Y) < 1.

d) If Z isindependent of both X and Y, then Z is independent of (X, Y).

e) If X, Y are independent, then so are f(X), g(Y) for f, g: R — R measurable.
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Solution of Exercise 2.2.9.

1. a)

b)
c)

d)

e)

f)

g

h)

b)

C)

d)

e)

False: E[f(X)] is generally defined in R (resp. in [0,00]) for f(X) € L!(P) (resp. f > 0). For
instance E[X] does not exist if X has a Cauchy distribution.

False, even for discrete laws: take e.g. X a Bernoulli(1/2) r.v.and Y :=1 - X.
False: same counterexample as in 1.b).

False: consider X and Y having distinct continuous distributions. (X has a continuous
distribution means that P(X = t) =0forall teR...)

True, because then 1 =P(X € A) =P(Y € A) for A:=[0,00) € B(R).

False!: take e.g. X uniformly distributed on {0,1,2}, and Y := X +1 mod 3. Then P(X <
Y)=P(X#2)=2/3#1/3=P(X=2)=P(X>Y). One other example involving continuous
distributions could be Y := 2min(X, X’) with X, X’ independent standard exponential r.v.:
then X ~ Y (exercise), but

o0 o0
2
P(X < Y):[P’(ZX'>X)L:L/ [P’(X’>x/2)e_xdx:/ e—3x’2dx=§,
0 0

whereasP(X>Y)=1-PX<Y)=1/3.

True, since in that case E[|Y|] = [ |¢| Py (df) = [ 7] Px(dt) = E[|X|] < oo, and the same then
holds without absolute values. Recall more generally that X ~ Y = E[g(X)] = E[g(Y)]
for g measurable > 0 or continuous bounded.

False: take e.g. X, Y asin 1.b) and Z := - X.

False: take e.g. X := N and Y := N?, where N is a centered Gaussian r.v.
False: take e.g. two independent Bernoulli r.v.

False when X = Y = c for a fixed c € R. (Conversely, if X, Y are independent with P(X =
Y) =1, then X = Y = c almost surely, for some c € R.)

False: take e.g. X, Y i.i.d. withP(X =-1)=P(X =1)=1/2,and Z = XY.
True: let FG: R — [0,00) measurable. As F = Fo f and G:=Go g are also measurable

nonnegative functions, we have

E[F(f(X)) G(g(Y)] =E[F(X)G(Y)]
=E[F(X)]E[G(Y)] (as X 1L Y)
=E[F(f(X)IEIG(g(Y))].

Since the equality holds for any pair (F, G), we conclude that f(X) LL g(Y). m

14 fortiori, X ~Y =5 (X,Y) ~ (Y, X) in general. But the statements become true if X and Y are further independent,
as then P(x,yy(du,dv) = Px(du) Py(dv) = Py (du) Px(dv) = Piy,x)(du,dv).
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2.3 Computing distributions
Exercise 2.3.1. Let p€ (0,1) and X3, X»,..., Y1, Y,... be i.i.d. Bernoulli(p) r.v. We define
N:=min{neN: X, # Y,}

[&°]
and set “Z = Xy’ i.e Z=) Tin=mXn.

n=1
1. Check that N > 1 has the geometric distribution with parameter 2p(1 — p).
2. Show that Z has the Bernoulli(1/2) distribution.

3. Deduce a way to simulate a fair coin toss using a potentially unfair coin.

Solution of Exercise 2.3.1.

1. Let n > 1. We have N = n if and only if
X1 = Yl, X2 = Yg, ceey Xn—l = Yn—l and Xn # Yn.

Moreover, P(X; = Y1) =P(X; = ¥; = 1) +P(X; = Y1 = 0) = p? + (1 — p)2. Since X1, Xa,..., 11, Ya, ...
are i.i.d. we deduce that

P(N=n)=qg""-2p(1-p),
where g := p?> + (1 - p)?> =1-2p(1 - p). Thus N has the geometric distribution with parameter
2p(1-p).

2. Itis clear by definition that Z € {0, 1}, so Z is a Bernoulli r.v. Its parameter p is

o0 o0
ElZ] =) E[lin=nXn]= D) P(N=nX,=1)
n=1 n=1
(the first equality resulting from monotone convergence). But N = n and X,, = 1 if and only if
X1=Y,X=Ys,...,X,_1=Y,1and X, =1, Y, = 0. Therefore P(N = n,X,, =1) = qg" 1 - p(1 -
p)=3P(N=n),and p=E[Z] = 1/2.

3. We toss the coin twice and repeat this step until two different faces (HT or TH) have been ob-
tained. According to what precedes, the result of the last performed toss is a simulation of
a fair coin toss. The average number of tosses (that is, the complexity of the simulation) is
2E[N] = 1/(p(1 - p)). n

Exercise 2.3.2. Let X be uniformly distributed on [-1,1]. Find the density of Y := X k for positive
integers k.

Solution of Exercise 2.3.2. Thec.df. of XisP(X <) =(t+1)/2,te[-1,1]. If kis odd, then P(Y < ) =
(Vt+1)/2,te[-1,1], else P(Y < 1) = P(X € [- V1, V1]) = V1, t € [0,1]. (These distribution functions
are obviously both continuous and piecewise of €' class.) Hence fy(y) = Lio<)yi<yy Wl_k/Zk for k
odd, and fy (y) = Ljp<y<y Wl_k/k for k even. -
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Exercise 2.3.3. Let X have distribution function F. What is the distribution function of Y := | X|?
When X admits a continuous density fx, show that Y also admits a density fy, and express fy in
terms of fx.

Solution of Exercise 2.3.3. We have P(Y < ) = F(t) — F(-t—-), t > 0. If fx exists and is continuous,
then F is €' with F' = fx. Therefore fy exists, and fy(¥) = 1{0.00)(}) (fx(}) + fx (= ). n

Exercise 2.3.4. Let © be uniformly distributed on the interval (—%, % .
1. Find a continuous density function for C := tan®.
2. Find a density function for A := (sin®)? which is continuous on (0, 1).

3. Identify the law of C?> — AC? + A.

Solution of Exercise 2.3.4.

1. Wehave P(C < 1) =P(O < arctan ¢) = (arctan ¢+ n/2)/m, t € R, so a continuous density is fc(x) =
1/(m(1+ x%)) (Cauchy(0,1) law).

2. Clearly A € [0,1] and P(A < 1) = P(|®] < arcsiny/7) = (2arcsin/7)/m, t € [0,1], thus a density
fa =101/ (m\/y(1 - y))continuous on (0, 1) (Arcsine(0,1) law).

3. By basic trigonomometry C? — AC? + A= 2A, and this has density 1 ) (y) fa(y/2)/2. ™

Exercise 2.3.5. Let X be Cauchy with parameters «,1. Let Y := a/ X with a # 0. Show that Y is also
a Cauchy r.v. and find its parameters.

Solution of Exercise 2.3.5. Since y — a/ x is a €' -diffeomorphism of U := R\ {0} with Leb(R\ U) = 0,

/x)d d fon -4 dy
ELf(Y)] = /U —ﬂ({ i“(;”_;)z) _ /U H(yf; (er)(ll“_'yya = /R MH; —
n (y_1+a2) +(1+a2)

for every f bounded. Thus Y is Cauchy with parameters aa/(1 + a?), lall(1+a?). m

Exercise 2.3.6. Let X,Y be two independent .4/ (0, 1) random variables. Find a density function for
Z = X?/(X? + Y?) which is continuous on (0, 1).

Solution of Exercise 2.3.6. Let g: R — R be continuous and bounded. We apply two changes of vari-
ables — one using the €' -diffeomorphism ¢: (r,0) — (x, y) = (r cos8, r sin@) from (0,00) x (7, 7r) onto
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P =R?\ (—00,0] x {0}, with Jacobian determinant | Jy(r,0)| = r, and one using the € 1—map 0 — cos?6:

El (Z)]_iff (x—z
SEn=or B8 x2+y2

1 2

= —ff g(cos?6)re zdrdd
27 JJ(0,00)x (~m,m)
1

X2+y2

e 2 dxdy P(X,Y)¢€P)=0)

S g(cosz 0)do (Fubini-Lebesgue)
27 (=7,7)
2

=— / g(cos®0)do (symmetry)
T Jo,%

=— / 1 (z);dz

n 0 & Vz(l-2) '

We conclude that Z has density z— (7v/z(1 - z))_1 on (0,1) (Arcsine(0, 1) law). -

Exercise 2.3.7. Let X be positive with a density f. Find a density for Y := 1/(X + 1).

Solution of Exercise 2.3.7. Since P(Y < ) =P(X > ~1+1/8) = [%,, f(x)dx = [, f(-1+1/p)/y*dy
[x —=1+1/y]lfor t€(0,1), themap y— 1¢0,1)()) f(-1+ l/y)/y2 is a density for Y. =

Exercise 2.3.8. Let X, X1, X»,... bei.i.d. real r.v. with cumulative distribution function F and having
a density function f. We set

N:=inf{k e N: X} > X}.
1. Let ke Nand ¢ € R. Show that

t
P(N=kX<0t)= / F*(1-F) f(x) dx.

—00

2. Conclude that .

PIN=K) =~

keN.

=

Solution of Exercise 2.3.8.
1. This follows easily from the fact that X, X;,..., Xj arei.i.d.:

PIN=kX<H=PX<LX1<X,...,.X 1 <X, X > X)
=/dF(x)]l{xgr}/'/dF(xl)-"dF(xk)]l{xlgx}"'ﬂ{xk_lgx}]l{xpx}

t
= / fdx(1- F(x)Fx)F .

2. Observing that (Fky = ka_lf for all k € N, we deduce that
1
k

As t — oo, the left-hand-side tends to P(N = k) while the right-hand side tends to % - ﬁ (be-
cause F(f) — 1). Hence the result.

1
P(N=k X <1 =~F@) - ——F1(p).
k+1
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Exercise 2.3.9. Let X be areal random variable such that;

0, if t <=3,

1/3, if-3<t<-2,
Fx(t) =P(X<nN={7/12, if-2<t<0,
3/4, ifo<r<4,

1, if4<t.

Compute E[X] and Var(X).

Solution of Exercise 2.3.9. Clearly X € {—3,-2,0,4}. Using that P(X = t) = Fx(t) — Fx(t—) we find
P(X=-3)=1/3,P(X=-2)=1/4,P(X =0)=1/6,and P(X =4) = 1/4. Therefore

E[X]=(=3)-1/3+(=2)-1/4+0-1/6+4-1/4=-1/2,
E[X%]=9-1/3+4-1/4+16-1/4=8,

and

Var(X) = E[X?] -E[X]>=8—-1/4=31/4. -

Exercise 2.3.10. Let X, X, Xy,... be i.i.d. real r.v. with distribution function F and having a density
function f. We set

N:=inf{k e N: X} > X}.
1. Let ke N and ¢ € R. Show that
t

P(N=k X< :/ F(x)F (1 - F(x) f(x) dx.

—00

2. Conclude that

e

PIN=k)=—-———, k € N.

=
+
[—

Solution of Exercise 2.3.10.
1. By definition of N and independence of (X, X, ..., Xg),

P(N=k,X<0)=P(X),..., X1 <X, X3 > X, X< 1)

t
/ P(Xy,..., Xko1 <X, X > x) f(x)dx

(e.9]

t
/ F)* 11 - F) f(x)dx.

(e.9]
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2. Note that for each k € N, the function x — F(x)*~! f(x) is integrable on R with

X—00

F(x)k
k

1

/ F(x)k_lf(x)dx:/ F)M1F (x)dx =

o0 (o 0]

x—-co K
where we used that F' = f a.e. We then deduce from monotonicity and Question 1 that

P(N=k)=limP(N=k, X< 1)

t—o0

:/ F(x)k‘lf(x)dx—/ F(x)* f(x)dx

o0 (o)
11
k k+1 "
Exercise 2.3.11. Let U,V be two independent standard uniform r.v. We set
X:=U?+V? and VY:=U%/X.
Compute
IP(Y<t|X<1)'—P(Y<t’X<D reR
X X - [FD(X g ) ’ .
Solution of Exercise 2.3.11. By independence, (U, V) has density function 1, )2, so
PX<1)= ff , 124 2<qydudv = /4. (;11 - (area of the unit circle) )
(0,1)
Similarly, for0 < £ <1,
”:D(Y< t,Xg l)sz ]l{u2<t(u2+l}2)}]1{u2+v2<1}dudv
(0,00)
= ff Tisinzo<nLire<yy rdrdo (polar coordinates)
(0,00)x(0,7/2) b
1 /2
0 0

1
= 3 arcsin V1.

We conclude that P(Y < t| X < 1) = @2/m)arcsinyz for0 < t < 1. (We say that conditionally on X <1,
the random variable Y has the Arcsine distribution.) =

Exercise 2.3.12. Let X bearealr.v.in L1 (Q, </, P).

1. Let a, b be two real numbers. Show that
b
E[|X — b|] —E[|X — al] :/ [P(X <) -P(X > 0)]dt.
a

b
Hint. Observe that |b— x| —|x—a| = / (Ix<s — Lix>p)dt. Use Fubini’s theorem.

a
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2. Wecall meRamedianofarealr.v. YifP(Y <m)>1/2andP(Y > m) > 1/2.

a) Show that every real random variable admits a median. Is there uniqueness?

b) Let m be a median of X. Deduce from Question 1 that
E[|X — m]|] = infE[| X — c]].
ceR
Conclude that |E[X] — m| < o where ¢2 = Var(X).

Solution of Exercise 2.3.12.

1. We may suppose a < b. The observation is immediate. From the right-hand side,

b b
/ [P(X <H-PX > t)] dr :/ (/ []l{X(w)gt} - ﬂ{X(w)}t}] P(d(l))) dr
a a QN -

-

=f(w,?)

where f € L1 (Q x (a,b), « ® B((a,b)),P ®dt) — indeed,

b b
/ (/ |f(w,t)|nﬂ>(dw))dt</ [PX<H+P(X > 0]dt<2(b-a) <oo.
a Q a

Fubini’s theorem then entails

b b

/[P(X< H-P(X > t)]dt:/(/ f(w,t)dt)lP(dw)

a Q a
=E[b-X|-1X—al]
=E[IX - bl] -E[|X - all,

where we used the stated observation for the second equality.

2. a) Recallthat Fx(t) =P(X <t)—0ast— —ooand Fx(t) — 1 as t — oo, thus m := F)_(I(I/Z) =
inf{r € R: Fx(t) > 1/2} is a well-defined real number. For m,, | m such that Fx(m,) > 1/2
for every n, we have, by right-continuity of Fy,

P(X <m)=Fx(m)=1lim| Fx(my,) >1/2

n—oo

Now Fx(m—1/n) < 1/2 by definition of m, and by monotonicity

PX>m)=lim|P(X>m-1/n)=1 —nlim Fx(m-1/n)>1/2,
—00

n—oo

so mis amedian of X. There is no uniqueness in general. For instance if X is a Bernoulli(1/2)
random variable, thatis P(X =0) =P(X =1) = 1/2, then any real m € (0, 1) is a median of X.
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b) For ¢ > m we have, using the result of Question 1,
Cc
El[IX —cll—E[| X -m]|] = / [PIX<)-PX >1)]dr
m
C
>/ [P(X<m)-P(X>m)|dr
m

c

:/ [2P(X <m)-1]d¢
m

>0.

Likewise, for ¢ < m,

m
E[|X —cll -E[IX —ml] = / [IP(X >1H-P(X< t)] dz

c
m
2/ [P(X>m)-P(X <m)|dr
Cm
:/ [2P(X > m)-1]dr
c
>0.

Hence E[| X — m|] = inf.cg E[| X — c|]. In particular, for ¢ := E[X],

IE[X] - m| <E[X-mll <E[IX-c < VEIX-cl?l=0,

where the last inequality stems from Cauchy-Schwarz (or Holder). n

Exercise 2.3.13. For any distribution function F, we define
F~Y(u) :=inf{t e R: F(t) > u}, ue(,1),
the right-continuous inverse of F.
1. Compute F~! when F is the standard exponential distribution.
2. Show that forevery teRand ue (0,1), u<F(t) = F '(u) <t = u<F(1).
3. Let U be uniformly distributed on (0, 1).

a) Show that |log,,, U| has the Geometric(1/2) distribution (with [-] = integer part).
b) More generally, show that F~!(U) has law F.

4. Show that F~! is non-decreasing.
5. Show that F~! is right-continuous.

Consequently, the set (0,1) \ € (F~!) of discontinuity points of F~! is at most countable.

47


mailto:benjamin.dadoun@gmail.com?subject=A+few+exercises

A few exercises B. Dadoun

6. Let F, F1, F»,... be distribution functions such that Vit e €(F), F,(t) — F(t). Show that VYu e
CF ), Fl(w) — F(w).

7. Consider a convergence in distribution X,, = X of real r.v., and let U be a standard uniformr.v.
Show that there exist Y and Y,,, n € N, measurable w.r.t. U suchthat Y ~ X, Y, ~ X,,and ¥, —» Y
a.s.

Solution of Exercise 2.3.13.

1. Here u < F(t) happens for ¢ > 0 such that 1 — e~ " > u, i.e, t € (—log(l — u),00). Hence F 1l =
—log(1 — u) for every u € (0,1).

2. The first implication is obvious. For the second one, if F ~“I(uw) < t, then for every n € N we can
find ¢, < t+% such that u < F(t;) < F(t+ %) (F isnon-decreasing). Taking n — oo gives u < F(1),
by right-continuity of F.

Remark. If F is one-to-one from F~1((0,1)) into an interval, then F~! coincides with the inverse
function of F.

3. a) If k € Ny, then llog,,y]l =k — k<log,y<k+1l < 2751 < y < 27 for ev-
ery y € (0,1), so P(llogy,, Y| = k) = 27K —27%=1 = 2=k=1 'k € Ny, and this is indeed the
Geometric(1/2) distribution.

b) By Question 2, and because U has the standard uniform distribution,
FO)=P(U<F®)<P(F W <) <KP(ULKFW®)=F@®), teR

As F is thus the distribution function of both X and F~!(U), these two r.v. are equally dis-
tributed. For instance —log(1l — U) (or simply —logU, since 1 — U is also uniformly dis-
tributed on (0, 1)) has the standard exponential distribution.

4. fu' >u then{teR: F(t) > u'} c{teR: F(t)> u},and so F~ 1 («/) > F 1 (w).

5. Let uy | uin (0,1). There exist ¢, | F~'(u) such that F(¢,) > u for all r. For r fixed, we have
F(t;) > uy for k large enough, so F~(u) < t,, and thus limsup F~ (1) < t,. By letting r — oo,
we get limsupF‘l(uk) < FH(w). According to Question 1 we also have FYu) > F(w) for
all k, and therefore liminf F~! (uz) > F~!(w). Finally

klim Flup) =F '

for every sequence 1y | u, which proves that F~! is right-continuous.

6. Let u € €(F'). There exist t, | F~'(u) in €(F) such that F(t,) > u for every r. For r fixed,
Fp(t;) — F(t;) so Fy(t,;) > u and then F,!(u) < t, for n large enough, thus limsup F;,* (1) <
tr. By letting r — oo, we get limsupF,;l(u) < F~Y(u). Now for each u' < u, there exist ¢, |
F~ () in €(F), so F(t;) < u' < u. Hence F,(t;) < u and then F,;l(u) > t, for n large enough,
so liminfF, ! (u) > t,. By letting r — oo, we get liminfF;, ! (1) > F~1(«/). Taking now u’ — u gives
liminfF;,;* (1) > F~!(u) because u e €(F1).
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7. Let F and F,, n € N, denote the distribution functions of X and X, respectively. We know that
Y= FY(U)~ X and Y, := F, 1 (U) ~ X,,. Since X,, => X, we have F, (1) — F(¢) for all t € € (F).
Now (0,1) \ 6 (F~1) is at most countable so U € € (F~1) a.s. It then follows from Question 3 that
Y,, — Y almost surely.

Remark. This is a version of Skorokhod’s theorem in R.

Exercise 2.3.14. Recall that ar.v. X has a continuous distribution if x — P(X < x) is continuous.
1. Show that X has a continuous distribution if and only if P(X = x) =0 for all x € R.

2. Show that if X has a continuous distribution and Y is any random variable independent of X,
then X + Y has a continuous distribution.

3. Let f: R — [0,00) measurable. We suppose that (the distribution of) X has density f, that is

IP(XEA):/f(x)dx
A

for every Borel set A. Show that:

a) fisintegrable onR.
b) If P(X € A) >0, then A has positive Lebesgue measure.
c¢) X has a continuous distribution.
d) If X has another density g, then f = g almost everywhere.
Solution of Exercise 2.3.14.
1. By monotonicity of the measure:
=x) = -1 =i <x) - <x-1
P(X = x) IF’(nDl(x n,x]) r}glgo(lP(X <X -PX<x— ),
which equals 0 for all x if and only if x — P(X < x) is continuous.
2. By independence,

PX+Y=x)= [ PX=x-))P(Y edy)=0
=0

for all x € R. We conclude with Question 1.

3. a) For A=Rwehave

lz/f(x)dx,
R

b) If Ahas zero Lebesgue measure, then

so f is integrable on R.

P(XEA)Z/f(x)dx:O.
A
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c) In particular P(X = x) = 0 (since {x} has zero Lebesgue measure) for all x € R.
d) Let g be another density. Since A := {f < g} is a Borel set we have

IP(XEA):/f(x)dxg/g(x)dx:P(XEA),
A A

so A must have zero Lebesgue measure (otherwise the inequality would be strict). Simi-
larly, A" :={f > g} has also zero Lebesgue measure. Hence f = g a.e. m

Exercise 2.3.15. Let L be the uniform distribution on E := (0, 1), and P be the Arcsine distribution:

1 arcsin(2t-1)
P(0,t]) ==F(t) ==+ ——, tE€E.
2 T
Define X (s, 1) := t1is<n + (1= )15 for s, £ € E and write Q for the law of X under L®P.

1. Show that for every bounded, measurable function f: E — R,

/f(t)@(dt):/th(t)P(dt).
E E

Deduce that @ admits w.r.t. P the Radon-Nikodym derivative

dQ
— =2t, tekE.
dP
2. Conclude that X has density
t 2t teE
a/td-0 '

Solution of Exercise 2.3.15.

1. Observe first that

1 arcsin(2(1-1)—-1)

P((1-£1D=1-P(0,1-1¢]) = >~ =P((0,7]), teE.

/4
Since f is bounded, we can apply Fubini’s theorem and get

/f(r)@(dt) = | f(X(s,0)LoPds,dr)
E

ExE

=/f(t)L((0, t])P(dt)+/f(1—t)L((1—t,ll)P(dl‘)
E E

:/th(t)IP(dt)
E

(the last equality following from the change of variable ¢ — 1 — ¢ in the second integral). As this
holds for every bounded measurable function f, we deduce that Q(d¢) =2¢P(d¥).

2. Since F is of class €' on E, P has a density. Then X has density

dQ _do @—ZI F'(t)—L teE
dt dP dr Cavia-o ’ n
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2.4 Convergence of random variables, limit theorems

Exercise 2.4.1. LetL° denote the space of real r.v. defined on (Q,P).

1. Show that
dX,Y)=E[1A|X-Y]]

is a distance on L° such that

X, L X <= d(X,;,,X)——0.
n—o0

n—oo

2. Let (X, x: n,k > 1) be elements in L°, and K: Q — N be an independent r.v. We suppose that for

each ke N,
X —— 0.
n—oo
Show that
K P

X x —— 0.
k:1 n—o00

Solution of Exercise 2.4.1.

1. It is clear that d: E x E — [0,00) is symmetric and satisfies the triangle inequality. Further, if
dX,Y)=0thenlA|X-Y|=0a.s.,s0X =Y a.s. Now for € >0,

P(X,—X|>e) <PAA|IX,—X|>1Ae) <A Ae) 1 d(X,, X)
(by Markov’s inequality), and
d(Xp, X) <A AE)+P(X, - X| > &),

which readily implies that d(X,,, X) — 0 if and only if P(| X, — X| > €) — 0 for all € > 0. Hence the
assertion.

2. Let u denote the law of K. By independence

K k
d(Z Xn,k,O) = /d(z Xn,i,O) p(dk),
k=1 i=1

where the integrand is bounded by 1, and tends to 0 for each k (because any partial sum of
X k» k €N, converges to 0 in probability). We conclude by dominated convergence. n

Exercise 2.4.2. We have seen in Exercise 2.4.1 that the convergence in probability in the space
L9(Q, o/, P) of real r.v. is metrized by

dX,Y)=EQ1A|IX-Y]].
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0. Let (X,,) nen be a Cauchy sequence in L°(Q, o7, P):
Ve>0,dkeN, Vm=>k, dX, Xi) <eEe.

a) Construct an increasing sequence (k) >0 of positive integers such that

1 1
P |an+1—an|>2—n < on"

b) Show that almost surely, there exists NV > 0 sufficiently large such that

1
V”l}N, |an+1_an|<2_n'

Deduce that the sequence (Xj, ) >0 converges almost surely.
1. Prove that the space Lo9(Q, o/, P) is complete.

2. Prove that the space LP(Q, </,P), p > 1, is complete.

Solution of Exercise 2.4.2.

0. a) Letn>0. Taking ¢ := 4~"+1) there exists k;l € N such that (by Markov’s inequality)

Vm >k, P(IXm ~ Xp | > ) < 2" d(Xm, Xpy) <

an+l on+l’

Let kg := k(’) and, by induction, k, := kj, + k,—1 for n > 1. Then (k;) ,>¢ is increasing and for
all m > kj,, (in particular, for m = k1),

1 ! =
Pl Xm — X, | >z—n) < P({IXm—Xk;J = 2n+1}U{|X’<n_Xk%| z 2"“})

1 1
= on+l + on+l
1
= 2—n.

b) Since the series }_, 27" converges, it follows from the first Borel-Cantelli lemma that al-
most surely, there exists N > 0 such that
1
Yn=N, |Xk,., —Xk|< o
Thus, almost surely, the series }_, (Xj,,, — X,) converges absolutely. Because R is com-
plete, this implies that the sequence (Xj, ) >0 converges almost surely.

1. By Question 0, if (X,),en is @ Cauchy sequence in L9(Q, </, P), then one can extract a subse-
quence (Xi,)»>0 converging almost surely, and a fortioriin probability. Thus (X},) sen is conver-
gent for the metric d. Hence the completeness of L°(Q, o7, P).
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2. Let (X)) nen be a Cauchy sequence in LP(Q, «/,[P), p > 1. By Holder’s inequality
d(Xm, Xi) = E[1 A 1 X — Xill <1 X — XillLr,,2) m,keN,

which means that (X},),en is also a Cauchy sequence in L9(Q, o, P). By Question 0, we can
extract a subsequence (X, ) ,>0 converging almost surely to some r.v. X. Now, for all £ > 0, since

p
”an - Xk”Lp(Q,.Qf,[P’) <E,
when 7 and k are sufficiently large, we see by Fatou’s lemma that || X — X IIEI,(Q o4.P) Leforall k
large enough. This means that (X},) ,en converges to X in LP(Q, <7, P). m

Exercise 2.4.3. Foreach pe€ (0,1), let B,(Cp), k €N, bei.i.d. Bernoulli(p) r.v. We set
n
P .— 7 () P ._ P) -k
X'P __JE&X” , where X, .—kX_:lBk 275

and

i by+---+b
AP = { Y bp27* ‘ bre 0,1}, and lim —— K _ p} c (0,1).
k=1 k—o00 k
1. Show that X” € A®”) almost surely.

2. Show that for every k,n € Ny, P(k < 2"X%P) < k+1) < 0", with 0 := max(p,1 - p). Deduce
that XP) has a continuous distribution. We denote it u.

3. In this question we consider p =1/2.

a) Let U be a standard uniform r.v. Compute the characteristic function ®@;.

b) Show that for every 7 € R,

sin(t/2)

Dy, (1) = exp(it/2 - i27 Y 1) 27 sin(2-(1+1) ¢) ’

and deduce that p'’? is the standard uniform distribution.
Hint. Use that (1 + %) sin(6/2) = e??’2sin6 to obtain a telescopic product.

4. We now consider p # 1/2.

a) Show that u”(A®) =1 and u"’/2 (AP) = 0.
b) Deduce that P has no density function.

Solution of Exercise 2.4.3.

1. This follows from the law of large numbers, (Bl(cp ) ken being i.i.d. with [E[Bip = p.
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2. The integer part of 2" X is Z”X,(,p ) whose probability mass function is clearly bounded by 6".
Now for each t € R, let for every n € Ny, k, € Ny be the unique integer such that k, <2t < k, +1.
Then

PXP =¢ = lim Pk, <2"XP <k,+1) < lim 8" =0
n—o0 n—oo

(because 0 < 1), hence XP has a continuous distribution.

3. a) ForeveryteR,

def ity itu lt/2 sin(z/2)
Dy (D) _[E[ ] / du=—"= —

b) Knowing that By, ..., B, are i.i.d. Bernoulli(1/2),

@Xn(t):ﬁ¢3k( ﬁ“L(lz)
k=1 k=1
Using the indication, this equals
T e,y sin(27Fg) . (e D) sin(¢/2)
2 I!:[lexp(lz t) S exp(it/2—i2 r) Zrein- )

Because sinh ~ h as h — 0, we find

112 SIN(2/2)

=Dy (1).
12 u(t)

R e

As X,, — X (a.s., and a fortiori in distribution), X has thus the standard uniform distribu-
tion. In other words, u'’? (dx) = 19,1y (x) dx.

4. a) Thesets AP, p € (0,1), are disjoint. Applying Question 1, we get for p # 1/2,

u(P)(A(P)) — [FD(X(p) € A(p)) =1, and “(1/2) (A(p)) < [FD(X(I/Z) ¢ A(l/Z)) - 0.
b) Suppose that X () has a density f(x). Then from 3.b) and 4.a), we obtain

1= /J(p)(A(p)) — f(x) dx = f(X) u(l/z) (dx) =
AP AP

a contradiction. Thus u'P), p # 1/2, is a continuous law without density. n

Exercise 2.4.4. Let u be a probability distribution on R having a second moment o < co such that,
if X and Y are independent with law p, then the law of (X + Y)/v/2 is also u. Show that = A4 (0,0?).
Hint. Apply the central limit theorem to packs of 2" variables.
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Solution of Exercise 2.4.4. Let X, Y, X1, X»,...beii.d.r.v. with law u. We first show that u has zero mean
(its first moment exists because o2 < co):
X+Y 1
m=EX]=E|——— | = — (E[X]+E[Y]) = \/Em, hence m =0.
v2 1 V2

Let So,x == Xk, ke N, and forevery k,n €N, S, . := (Sp-1,2k-1+Sn-1,2k)/ v/2. By an immediate induction
over n, the S, , k €N, are i.i.d. with law y, and in particular we find that

Xy +-+ Xon
Sp1 =var (; —2"m| —— ¥(0,0?), in distribution,
’ n n—oo
using the central limit theorem. We conclude that u = A4(0, 02). "

Exercise 2.4.5. Let X,,, n€ N, bei.i.d. standard Poissonr.v., and S, := X; +--- + X,.
n k
1

n
<0/, and deduce that lim e ) — =—.
oo =kl 2

Sn_n

vn

Solution of Exercise 2.4.5. We know from that E[X;] = Var(X;) = 1 (see e.g. Exercise 2.1.3), and it is a
simple exercise to show that S, n € N, is a Poisson(n) r.v. It thus follows from the central limit theorem
that

Find the expression of P(

_n S, —nE[Xi] 1
- =PSn<n)=P < P 1) <0) = -,
e ") (Sn<n ( NG 0 — (A(0,1)<0) > .

Exercise 2.4.6. Let Xj,X>,...bei.i.d. real r.v. with Var(X;) = 1, E[X;] =0, and
Sp,=X1+--+ X, neN.
1. Using the central limit theorem, show that there exist p > 0 and ny € N such that
vnzng, P(Su>vn)=p.
2. Deduce that r}i_{{.lo[E[lSnll = 0o.

Solution of Exercise 2.4.6.

1. If Nisa ./ (0,1) random variable, then p :=P(/N > 1) > 0 and the central limit theorem gives
Sn

n»(ﬁ

Therefore it exists ny € N such that P(|S,| > v/n) > p for all n > ny.

n—oo

= 1) — P(IN| = 1) =2p.

2. With such p >0 and ny € N, Markov’s inequality entails
vn>ny, ElSul]=vVnP(Sy > vVn) > pvn,

hence lim E[|S;]|] = co. ]
n—oo
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Exercise 2.4.7. For each n €N, let X,, be a A (uy,02) r.v. (U, € R, 0% > 0). We suppose that X,
converges in distribution to some r.v. X.

1. Using characteristic functions, show that (0?,) neN converges to some 0%>0.
2. LetS(t) =P(X > 1), teR.

a) Justify that S is continuous at some #, > 0 large enough, with S(#y) < 1/4.

b) Deduce that (i) ,en is bounded from above (more precisely, limsup y, < fp).
n—oo

c) Deduce that (i) nen is bounded.

3. Conclude that X has a normal distribution.

Solution of Exercise 2.4.7.

1. In terms of characteristic functions, the convergence in distribution X;, — X translates into
VieR, ®x, (1) =exp(ipnt—0rt?/2) —— Ddx(1).
n—oo

Since @y is continuous at 0 and @ (0) = 1, there is ¢ > 0 small enough such that ®x () # 0. Tak-
ing modulus above gives exp(—02 1%/2) — |®x(1)| > 0, s0 6% converges to o2 := —2log|®x (£)|/ ? >
0.

2. a) Clear, since S(f) = 1—Fx(t) — 0 as t — oo, and S has at most countably many points of
discontinuity.

b) Because t is a continuity point of S (i.e, of Fy),

P(X, > 1)

S(t) < 1/4.

n—oo

If (145,) nen Were not bounded from above, we could find 7 large enough such that u, >
and P(X,, > tp) < S(fp) + 1/4, resulting in the contradiction

1/2 =P(X,, > pn) <P(Xp > 10) < S(tp) +1/4 < 1/2.

Therefore (1) ,eny must be bounded from above.

c) Applying what precedes to the r.v. —X,;,, n € N, and — X, we get that (—u,) zen is bounded
from above. Hence (u;) nen is bounded.

3. It follows from the Bolzano-Weierstrass theorem that there exists a converging subsequence
Mn, — HER, as k — co. Then

VteR, ®x, ()= exp(i,unkt—aflk t%12) —— exp(ipt — o £%/2),

k—o0

which, because of the convergence in distribution of the subsequence X,,, — X, equals ®x (7).
We conclude that X is a A (4, 02) r.v. (Consequently, i, — f.) n

Exercise 2.4.8. We suppose that X, Xj, X», ... are real r.v. such that X, converges to X in distribution.
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1. Let f: R — R be a nonnegative continuous function. Show that

HminfE[f(Xn)] > ELf(X].

Hint. Apply Fatou’s lemma/monotone convergence theorem to some (fi (X)) ken-
2. Deduce that if (E[| X;|]) sen is bounded, then E[| X|] < oco.

3. Deduce that if X, > 0 a.s. for every n €N, then X >0 a.s.

Solution of Exercise 2.4.8.

1. For each k € N, the function fi: x — min(f(x), k) is bounded and continuous. Since f > fi we
then have

li’mglf[E[f(Xn)] > ,}EEO[E[fk(X”)] =E[fx(X)], for every k € N.
But (fx(X))ken is a sequence of nonnegative r.v. converging pointwise to f(X) as k — oo, so

lilgninfE[fk(X)] = E[f(X)]

(actually E[ fx(X)] 1 E[f(X)], by monotone convergence). The conclusion follows.
2. Just apply Question 1 with the nonnegative continuous function f: x — |x|.

3. We apply Question 1 with the nonnegative continuous function f: x — max(—x,0). We obtain
E[max(-X,0)] = 0, which means that max(— X, 0) = 0 almost surely, or equivalently, X >0a.s. m
Exercise 2.4.9. Let Xj, X»,... bei.i.d. centered, square-integrable r.v. Show that

liminf P(X; +--+ Xu| > V) > 0.
—00

Solution of Exercise2.4.9. LetS, = Xj+---+X,, and 02 := Var(X;). If Nis a .4 (0,0?) random variable,
then p :=P(N > 1) > 0 and the central limit theorem gives

p(ﬁ

Therefore it exists ny € N such that P(|S,| > /n) > p for all n > ny. Hence the result.
Remark. In particular we deduce from Markov’s inequality that

S
2> 1) —— P(IN|>1) =2p.
n—oo

E[X;+---+X
liminf X1 n”>0.
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Exercise 2.4.10. Let A >0, and for n > A, X,, be a random variable having the binomial distribution
with parameter (n,A/n), that is

A k 1 n—k
P(Xn:k)=(n)(—) (1——) , k=0,1,2,...,n.
ki\n n

Compute r}im P(X, = k). What do you recognize?
—00

Solution of Exercise 2.4.10. For k fixed we have, as n — oo,

n nk 1 n-k A -k A\
~—, and (1——) = (1——) (1——) ~e M,
k k! n n n

Reporting these two equivalents in P(X,, = k) and simplifying, we get e_/l%c at the limit. We recognize

here the Poisson distribution with parameter A (see Exercise 2.1.8). (We say that X,, converges in
distribution to a Poisson random variable.) -

Exercise 2.4.11. Let f: [0,1] — R be a continuous function, x € [0,1] and X,, := X,,(x) be a ran-
dom variable having the binomial distribution with parameter (7, x); see Exercise 2.1.4. We define
Y, = f(X,/n), so that Y, is a discrete random variable taking values in the set % := {f(k/n): k =
0,1,2,...,n}.

1. Let m € N. Recall why there exist C > 0 and 6, > 0 such that

vVeel0,1], [f(NI<C,

and V(s,0) € (0,17 with [t=s| <&, |f(0) = f()I<

1
m
2. Check that for every 6 >0,

Ell Y, — f(0ON <2CP( Xy, — E[Xpll > nd) +Ell f(Xn/n) — fOITx,-nxi<ns]s

then deduce that for every m e N,

x1-x) 1

nés, m

E(lY, - f()1 <2C

Hint. Recall E[X,], Var(X,) (see Exercise 2.1.4), and apply Chebyshev’s inequality.
3. We define B,,: x— B, (x) =E[Y,] =E[f (X, (x)/n)].

a) Check that By, is a polynomial function in x € [0, 1].

b) Conclude that

sup |Bp(x)— f(x)| 0.

x€[0,1] n—oo

Conclusion. Continuous functions defined on a compact interval can be (uniformly) approximated
by polynomials!
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Solution of Exercise 2.4.11.

1. Being continuous on the compact set [0, 1], the function f is bounded — hence the existence
of such a C >0, and (by Heine’s theorem) uniformly continuous — hence the existence of such
0, >0 meN.

2. We have

Yy, _f(x)| = |f(Xn/n) —f(x)|]l{|Xn—nx|>n6} + |f(Xn/Vl) —f(x)|]l{|Xn—nx|<n6};

where for C and 6 = 6, as in Question 1, the first term in the right-hand side is bounded by
2C1yx,-nx/>ns,, and the second term is bounded by 1/m. Now, recall the moments of the bi-
nomial distribution in Exercise 2.1.4. On the one hand, we have E[X},] = nx, so we deduce the
first inequality by taking expectations on both sides. On the other hand, Var(X,) = nx(1 — x), so
the second inequality then follows from Chebyshev’s inequality

Var(X,) x(1-x)

P(X, —E[X,ll >nbdy) <

n262,  néd?,
3. Successively,
def
EV)E Y yP(¥, =)
Ve
n
= Z y Z ]l{f(k/n)=y}P(Xn =k)
ye¥ k=0
n
= Z f(k/n)lp(Xn = k) Z ]l{f(k/n):y}
k=0 ye¥
\—,_J

=1
= f(k/n)(n)xk(l—x)"_k,
k=0 k

which is a polynomial function in x € [0, 1].
4. Observe, by linearity of the expectation and the triangle inequality, that
|Bn(x) = f(x)| = [E[Yy — fFOI < El YR = fOOI.

Therefore the result of Question 2 gives, forall n,m e N,

1
+—,

sup |B,(x)— f(x)| <
xe[oPu " ! 2né%,

because x(1 — x) < }1 for x € [0,1]. We finally get

. 1
limsup sup [|B,(x) - f(x)| < — — 0,

n—oo xe€[0,1] m m=

hence what we wanted to show.
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Remark. Thisis a probabilistic proof of Weierstrald approximation theorem. n

Exercise 2.4.12. Let (X;),en be a sequence of i.i.d. r.v. with E[| X;|] < oo, p:= E[X;], and
S,=X1+--+X,, neN.
1. Show that if u > 0 (resp. 1 < 0), then S;,, — oo (resp. —oo) almost surely.
2. We suppose here thatP(X; =1) =P(X; =-1) =1/2.

a) Let m > 2k+1in N. Show that S,+,, — S, = m infinitely often, almost surely. Deduce that
limsup|S,| > k almost surely.

b) Conclude thatlimsup|S;|=oco a.s.

Solution of Exercise 2.4.12.
1. This follows from the law of large numbers, since then S, ~ nu as n — oo, a.s.
2. a) The probability of A, := {Spm+m — Spm = m} is that of

{Xpm+1 = 1;---;Xpm+m =1},

which equals the constant 27" because (Xy) nen is L.i.d. with P(X; = 1) = 1/2. As (Ap) pen is
moreover an independent sequence of events, it follows from the second part of the Borel-
Cantelli lemma that A, occurs infinitely often, almost surely. But when S, , — S, = m, we
must have either S;+,, > kor S;, < —k. Hence limsup|S;,| > k almost surely.

b) By Question 2,

P(limsup|S,| =o00) = P ﬂ {limsup|S,| > k}|= 1.
keN

(In fact, we can show that limsup S,, = oo and liminf §;, = —o0, a.s.) m

Exercise 2.4.13. Let (X,)en be a sequence of i.i.d. real r.v. with distribution function F such that
F(t)/t— Aast— 07, forsome A > 0. Let Z,, := nmin(Xj, ..., X,), n€N.

1. Check the following facts:

a) ForeveryneN, Z, >0 almost surely.
b) Forevery t>0,P(Z,>t) — e M as n— oo.

c) Forevery ¢ >0, there is nX,, < € infinitely often, almost surely.

2. Conclude thatliminfZ, =0 a.s., but that (Z,,) ,en does not converge a.s.
Solution of Exercise 2.4.13.
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1. a) Since F(t) ~ At as t— 0", we have F(0) = 0 by right-continuity. Then

P(Zn<0) < (U inX; <0j| < nF0) =

i=1

because Xj, ..., X, are all distributed according to F. Thus Z,, >0 a.s.

b) Let ¢ > 0. Using that the r.v. Xj,..., X, are mutually independent, and that log(1 - F (%)) =
-AL+ 0(%) as n — oo, we have

t t t))" Ar
P(Z,>t) =P|X1>—,....X,>—|=|1-F|=|| —— e
n n

(This actually shows that (Z,),en converges in law toward the exponential distribution
with rate 1.)

c) Lete > 0. Because + = O(F(%)) as n — oo, we have

le(nxnge :i ( | = oo

where the events {n X, < €}, n € N, are independent. The result follows by the second part
of the Borel-Cantelli lemma.

2. By Question 1.¢),

1 :P(]Q\J{limsup{Zn < %}})gp

and by 1.a), 1 = P(NpeniZn = 00) < P(liminf Z,, > 0). Thus liminfZ,, = 0 a.s., so if (Z,) ,en Were
converging a.s., then the limit would be 0. This is not possible because, by Question 1.b), Z,
does not even converge to 0 in probability. n

=P(iminf 7z, <0),

1
N {limiann < E}

keN

Exercise 2.4.14. Foreach keN, let (X,(,k)) nen be a sequence of real r.v. converging to 0 in probability,
as n — oo. Define, for k,n e N,

Y(k) Z X(l)

and, for € > 0 arbitrary, fn(k) = IP( > 8).

1. Let k € N. Show that f,,(k) — 0 (Y,Ek) converges to 0 in probability), as n — oco.
2. Let K be a N-valued r.v. independent of (Xﬁlk)), and Y,gK) (w) = Y,gK (@) (w), w € Q.
a) Show that P(|Y,X| > &) = E[f,,(K)].

b) Conclude that ¥,{*) converges to 0 in probability, as n — co.
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Solution of Exercise 2.4.14.

1. By the triangle inequality, if | X\| < e/k forall i = 1,..., k, then IY,gk)l < €. Therefore

>%}

where each element in the latter sum tends to 0 as n — oo, since the sequences (X,(f))ne,\.,i =
1,..., k, all converge to 0 in probability.

k .
i=1

fall) < P(g{‘xg) > %)

2. a) Writing the event of interest as the disjoint union

Y] > e = | ]k =ktn{
keN

Ylgk)

el

we have, using the independence of K with x,
P(VOl> )= ¥ Pk =0P(|VP|> ) = ElfuKO1.
keN —_——

:fn(k)

b) Let m € N. For every w € Q, applying Question 1 with k := K(w) € N gives f;,(K(w)) — 0 as
n — oo. It is moreover clear that 0 < f;, < 1 for every n € N. Question 2.a) and dominated
convergence theorem then imply

P(|Y] > €) = E[fu(K)] —— 0,

n—oo
that is the convergence in probability of Y,gK) toward 0, as n — oo. n
Exercise 2.4.15. Let X;, n > 1, be centered with variance ¢, such that 64 — 0 as n — co. Show

that X, converges to 0 in L?(P) (and in probability).

L2(P)

n—oo

Solution of Exercise 2.4.15. X, is centered, so E[| X,|?] = Var(X,,) = 0% —0asn—ooie X, O.m

2

Exercise 2.4.16. Let X,,, n > 1, bei.i.d. centered random variables with variance 0= < co. Show that

iy "_) X;j converges to 0 in L*(P) (and in probability).

Solution of Exercise 2.4.16. We have

2
12 1
E ; Z Xj ] = ﬁ\/’ar Z Xj) (X3,..., X, centered)
j=1 Jj=1
1 n
= — ZVaI‘(X') (Xi,..., X, independent)
n? = J
]:
1 2
= —Z-n'(f (Xy,..., X, have same law)
n
0. [ ]
n—oo
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Exercise 2.4.17. Let Xj, j > 1, be i.i.d. with standard Laplace distribution (having common density
e~1¥1/2). Show the convergence in distribution

n )
j:lX] D

n X2 n—oo
J=177)

where Y is a A4 (0,1/2) Gaussian variable.
Hint. Use Slutsky’s lemma.

Solution of Exercise 2.4.17. We have E[X;] = 0, E[X}] = 2. By the central limit theorem,

D

n—oo

1 n
Up=—) X; 2Y,
nj:1

with Y having the .47(0,1/2) distribution, while by the strong law of large numbers,

1 & 5 as
V, = ZXj———»Z
j=1

n n—oo

(and in probability). By Slutsky’s lemma, we conclude that

n .
U, v j:lX] D

N B N ]
Vv, n_ X2 n—co

n ]=1XJ

Exercise 2.4.18. Let Xj, j =2 1,bei.i.d. with mean 1 and variance 02 € (0,00). Define S,, := 27=1 Xj,ne
N. Show the convergence in distribution

2
~(/Su=v) Dy,

n—oo

where Y isa A4(0,1) Gaussian variable.

Solution of Exercise 2.4.18. We observe that

2 2 S,—n
—(V/Sn—Vn) = .
o 14./S2 ovn

n

By the strong law of large numbers, the first factor of the right-hand side tends a.s. to 1, while by the
central limit theorem, the second factor converges in distribution to Y, where Y has the standard
A(0,1) distribution. We conclude by Slutsky’s lemma. n

Exercise 2.4.19. Let X}, j > 1, bei.i.d. with mean 0 and variance 02 € (0,00). Define S,, := 2?21 Xj,ne
N. Show that S, /o+v/n does not converge in probability.

Solution of Exercise 2.4.19. Let N have the standard .4 (0, 1) distribution. By the central limit theorem,

P(|Sn/ov/n|>1) —— P(UNI>1).

Since the right-hand side is > 0, the convergence in probability cannot hold. n
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Exercise 2.4.20. Let Xj, j 2 1, beii.d. with mean 0 and variance 0% < oc0. Define S, = ;.’:1 Xj,ne
N. Show that
S 2
lim E [5n] =1/—
n—o0 n T

Solution of Exercise 2.4.20. Let Y, := S, /1/n. By the central limit theorem,

Y, ——7Y, ()
n—oo
where Y ~ A (0,02). Observe that E[|Y|] = 2E[Y; Y > 0] = 0v/2/x. Thus we need to justify the conver-
gence of first moments

ELY,l] —— ELY ). (x%)

This does not follow from just (x), because x — |x| is of course continuous, but not bounded. How-
ever, for every k € N, the map x — |x| A k is continuous and bounded. On the one hand, conver-
gence (%) gives

E[IYnl] = EllYn] A K]

E[IY|A kI,

n—oo

so that letting now k — oo yields liminf, .., E[|Y,|] > E[|Y|] by monotone convergence (or Fatou'’s
lemma). On the other hand,

ElIYVnll SENYnl A KI+ENYnlLgy, >k

<E[NY,I Akl +0vVP(Y, > k) (Cauchy-Schwarz)
—— EllYIAkl+ovPUY]> k) (by (%))
— E[Y]]. (Beppo Levi)
k—o0

This shows that limsup,,_, . E[| Y]] <E[|Y]], and (x*) is now proved.

Additional exercise. Use the same technique to prove that if X, 2 Xand (X) nen is bounded in LY (P)

for some g > 1, then E[X"] — E[XP] for every 1 < p < q. Find a counterexample where X,, L X but
E[Xn] #~ EIX]. [

Exercise 2.4.21. Let g > 1 and (X;),en be a sequence of real r.v. bounded in L9 (P):

C :=supE[| X,|7] < co.

neN

1. Suppose that X;, converges almost surely to some r.v. X as n — oo.

a) Is XinL9(P)?
b) Suppose g >1and 1< p < q. Does E[| X,|”] converge to E[| X|P] as n — o0?

2. Same questions if the convergence X,, — X holds in probability.

3. Same questions if the convergence X,, — X holds in distribution.
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Solution of Exercise 2.4.21.

1.

a)
b)

Yes. Fatou’s lemma gives E[| X|9] < liminfE[| X,|7] < C < oo, so X € LY(P).

Yes. There is in fact convergence in L” (P):
Ell X, = XIP] = Ell Xy — X1P 1y x, - x1<p] + El1 X — X171y x,-x1513]-

The first term tends to 0 by dominated convergence. For the second term, Hoélder’s in-
equality gives (for p/g+(g—-p)/qg=1)

Ell X, — X" 1yx,-x)>1] <E[X, - XITP'9TP(1X,, - X| > 1) 9-P)Va
<2PCPlIP(X, - X|>1)9Pa,

which also tends to 0 as n — oo.

2. Because of the convergence in probability there is a subsequence (Xj;,) keny Which converges al-
most surely toward X (this is a consequence of Borel-Cantelli’s lemma). Applying 1.a) to this
subsequence yields X € LY(P). Further, for 1 < p < g, we deduce from 1.b) that for every sub-
sequence of (X;) nen, there is a subsubsequence converging to X in L” (). Hence (X},) sen CON-
verges to X in L” (P).

3.

a)

b)

Yes. For each k € N, the function x — |x|? A k is bounded and continuous, so the conver-
gence in distribution X,, — X entails

E[|X|7 A k] = lim E[|X,|7 A k].
n—oo
Now, by the monotone convergence theorem,

E[1X|9] = klim E[X|TA K] = lilgninfliminf[E[anlq A k] <liminfE[| X,,|], (2.1)
—00 (e e]

— n—oo n—

where the right-hand side is bounded by C < co.
Yes. As (2.1) also holds with p in place of g, it remains to show that
limsup E[|X,,|P] <E[IX|7]. (2.2)
n—oo
But
ElXnlP] <ENXnl” A KP]+EN X171 x, 15 1))

for k > 0 arbitrary. As x — |x|” A k” is a continuous bounded function, the first term tends
to E[|X|?P A kP] as n — oo by the convergence in distribution X;, — X. Using Holder’s in-
equality for the second term gives

limsup E[|X,,|P] <E[X|” A kP] + CP'9limsup P(|X,| > k)P4,

n—oo n—oo

Now we may choose k > 0 arbitrary large such that k and —k are continuity points of Fy, so
that P(|X,| > k) converges to P(| X| > k) as n — co. Then, using the monotone convergence
theorem and the fact that P(] X| > k) tends to 0 as k — oo, we get (2.2) as desired.
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Remark. Here is another solution to the exercise involving an argument of uniform integrability.
The convergence of (X,,) ,en to X almost surely (or in probability) implies that of the sequence (| X;, —
X|P) nen (towards 0), which, by Minkowski’s inequality and Fatou’s lemma, is bounded in L9 P (P) with
q/p > 1, and thus uniformly integrable; then, | X,, — X|P converges to 0 in LY(P) (i.e X, converges to X
in LP()), and in particular we have the convergence of E[| X,|”] towards E[| X|P]. When the conver-
gence X,, — X holds only in distribution, we may apply the preceding for ¥,, == Y given by Sko-
rokhod’s representation theorem, with Y}, distributed as X,,, n € N, and Y distributed as X (defined on
some other probability space): we can conclude because E[| X,|”] and E[| X|”] are fully determined by
the respective distributions of X;,, n € N, and of X. "

Exercise 2.4.22. Let X, Xj,... be random variables and g: R — [0,00) measurable. We suppose that

X, —2. X, and ©:=sup E[g(X,)] <oo.

Show that for every continuous function f: R — R with f = o(g) at +oo, we have
lim E[f(X,)] =E[f(X)]inR.
n—oo

Solution of Exercise 2.4.22. Suppose first f > 0. Since f = o(g) at +oo, we have, for every € > 0 fixed,
f(x) < eg(x) whenever |x| > K, with K; sufficiently large. On the one hand, foralln > 1,

E[f (X)] <O+E[f (X)) Lyx, 1<k
<O+ sup f(x);

[x|<Ky
hence
E[f(X)] < li]?linf E[f(X)Ak] (Fatou’s lemma)
= li}zninflim inf E[f(X,) A k] X, =2 x)
—00 n—oo n—oo

< “,?iif.}f ELf(Xn)]

< oo.
On the other hand, for all n > 1 and k > K¢ V sup <. f(x),

ELf (X))l = EIf (X)L x>0 + ELf (Xn) Ly x,1<h9]

< EO+E[f(Xp) A KL,

hence
limsup E[f(X,)] < €O +E[f(X) A k] (X, =2 X)
o < €O +E[f(X)].

Since this is true for all € > 0, we conclude that

lim ELf(Xa)] = ELf (1.

The result holds in all generality by writing f = fi — f-. ™
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Exercise 2.4.23 (True or false?). Prove, or disprove (by giving a counterexample), briefly the follow-
ing statements. We consider real r.v. on some general probability space (Q, «/,P).

1. If | X;,,— X|—0a.s., then E[| X;, — X|] — 0.
2. If X,, — X in probability and (E[X?2]) ,en is bounded, then E[| X,, — X|] — 0.
3. If X, tends to 0 in probability, then so does (Xj +---+ X,;)/n.
4. IfE[|X,, — X|] — 0, then | X, — X| — 0 a.s.
Solution of Exercise 2.4.23.

1. False’: take e.g. X, := nly<i/ny, where U is uniformly distributed on (0, 1). Then there is X;, — 0
almost surely, whereas E[X},] = 1 for every n € N.

2. True: let C := sup,,cE[X?2] < co. Extracting a subsequence converging a.s., we have also E[X?] <
C by Fatou’slemma. As 1 = 1x, - x|<¢ + 1 x,- x|>¢}, the triangle inequality and Cauchy-Schwarz
inequality give

E[l X, — X[ < e +El1X, - X712 P( X, - X| > )2
<e+2VCP(X, - X|>¢e)'?,
hence limsupE[| X,, — X|] < €. Taking € > 0 arbitrary, the conclusion follows.

3. False: take (X,).en independent with P(X,, = n?) = 1-P(X,, = 0) = 1/n. Clearly, X;, — 0 in
probability, but (X; +--- + X,;)/n does not since

n n—oo

17 1
PlY Xi>1|>1-P(X;=0,n<i<n’)=1-— —— 1.
n= iz

4. False: take e.g. (X;)nen independent with P(X,, = 1) = 1-P(X,, = 0) = 1/n. Then E[|X,|] =
E[X,] = 1/n — 0, but X,, does not converge to 0 a.s. because by the second part of the Borel-
Cantelli lemma, X;, = 1 infinitely often, a.s. =

2.5 Gaussian vectors

Exercise 2.5.1. Let X := (X1, X», X3) € R3 be a centered random Gaussian vector such that E[Xl.z] =1
and E[X; X;]=1/2for1<i# j<3.

1. Give the dispersion matrix and the characteristic function of X.
2. What is the law of X7 — X, +2X3?

3. Does there exist a € R such that X; + aX;, and X; — X, are independent?

20f course the statement becomes true if there is moreover domination: Vn, | X,| < Y € L}(P).
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4. Show that X admits a density and explicit it.

Solution of Exercise 2.5.1.

1. The dispersion matrix is
1 1/2 1/2
D=|1/2 1 1/2].
1/2 1/2 1

The characteristic function is ®(A) :=exp(—(A,DA)/2), A € R3, that is
1
®d(x,y,z) = exp -3 (P +y*+ 25+ xy+xz+yz)|, (x,7,2) eR>.

2. As X is a centered Gaussian vector, the linear combination X; — X5 + 2X3 = (A,X), where A =
(1,—1,2), is a Gaussian random variable with mean 0 and variance (A, DAY = 12+ (-1)2 +22 + 1 -
(-D+1-24+(-1)-2=5.

3. Being a linear map of a Gaussian vector, X' = (X; +aX,, X; — Xo) is also a Gaussian vector. Its
components are independent if and only if its dispersion matrix is diagonal, that is if and only if

E[(X; + aXo)(Xi — Xo)] = 1 + = 1 ,_l-a
1 2 1 2)1 — 2 2 - 2

is zero. Hence X; + aX, and X; — X, are independent if and only if a = 1.

4. We have det D =1/2 # 0, so X admits a density. The inverse of D is

3 -1 -1
1
pl=2|-1 3 -1,
-1 -1 3

so a density of X is given by

1
@en)32V2 exp(—z (3x* +3y* +32° —2xy —2xz-2yz)|, (x,,2) €R’.
Exercise 2.5.2. Let a>0, X be a A4 (0,1) random variable, and

v X, if|X|<a,
T l-x, if|X|>a.

1. Show that Y has the .4°(0,1) distribution.
2. Express E[XY] in terms of the density function f(x) := exp(—xz/ 2)/v2m of X.

3. Is (X, Y) a Gaussian random vector?

Solution of Exercise 2.5.2.
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1. Forevery t R,

PY<)=PX<IXI<a)+PX<1X] 2 a)
=PX<tXI<a)+PX <t |X] 2 a)
=PX<1),

where for the second equality we used that —X is distributed like X. Thus Y has the .47(0,1)
distribution.

2. Clearly,

EIXY]=E[X*1x<q] — E[X*1x150]
= 2E[X?1x1<q] — E[X?]

:4/ ¥ fx)dx—1,
0

where for the last equality we used that the function x — x? f(x) is even.

3. Wehave P(X+Y =0) =P(|X| > a) >0, so X+ Y cannot be a Gaussian variable. In particular,
(X, Y) is not a Gaussian vector. ™

Exercise 2.5.3. Let n > 2 and X;,..., X, be i.i.d. &/ (y, 02) r.v. Prove that the empirical mean and
variance
X, ==

1

1 , 1& -

X; and Sn = Z (Xi — Xn)
=1 n i=1

are independent.

Hint. Let X' = (X; — X,,,..., Xn — Xpn). Check that X := (X,,,X') € R*"! is a Gaussian vector. Express its dispersion matrix
using the one of X’ and deduce that X,, and X’ are independent.

Solution of Exercise 2.5.3. Because the vector (Xj,..., X;;) has independent Gaussian components, it
is a Gaussian vector. By linearity, X := (X, X1 —X,,..., X, — X,,) is a also a Gaussian vector. We can see

that
2

59 S 2 - o
E[X,] - E[X,]” = Var(X,) = -
and for each 1 < i < n, using that the (X,,, X;), 1 < k < n, are identically distributed,
E[ X (X; — X)) — ELX, E[X; — X,,) = E[X,, X;] —E[X2] -0

1 L - - 2

=— ) E[X,Xil —E[X}]
n

= E[X2] - E[X2]

=0.
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Thus the dispersion matrix of X has the form

o*/n|0 - 0
0

: D |
0

where we have noted D’ € R"*" the dispersion matrix of the (centered) Gaussian vector X' := (X; —
X5n,...,Xn— X;). We find that the characteristic function of X is

A2g2 A,D'A
exp(i/lou— gn )exp(—%), A ER, A:i=(Aq,...,A,) €eR”,

i.e, the product of the characteristic function of X, with that of X. Hence X,, and X' are independent,
and since S, is a function of X/, so are X, and S3. -

Exercise 2.5.4. Let X;,Xy,... be ii.d. random vectors in R?. Apply the 2-dimensional CLT in the
following cases:

L PX=(-L-D))=PX;=(1,1))=1/2;
2. PX; =(1,-1))=PX; =(1,1)) =PX; =(-1,-1))/2=1/4.
Solution of Exercise 2.5.4.

1. Here, Xj is centered with dispersion matrix

11
o=} 1)
The multidimensional central limit theorem then gives

X +---+X,
Vvn

which is also the distribution of the degenerate Gaussian vector (N, N) where N is a standard
Gaussian random variable.

?W(O,D),

Remark. A Gaussian vector X with singular dispersion matrix D has no density®.

2. Here, E[X;] = (0,—1/2) and the dispersion matrix is

, (1172
b ‘(1/2 3/4)

3Indeed, suppose it has a density f. As there exists a non-zero vector A such that DA = 0 and consequently,
Var({A,X)) = (A,DA) = 0, the vector X lives almost surely in the hyperplane AL, which yet has null Lebesgue measure
(we obtain the contradiction 1 = [ Px(dx) = [, f(x)dx=0).
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We have det D' = 1/2 so D' is invertible; its inverse is

1. (32 -1
p= (2 )

Therefore
Xi+--+X,+(0,n/2)

Vvn

== #(0,D"),
n—oo

whose a density function is

1 3
—exp(— (sz -Xxy+ yz)), (x,y) € R?.

V2 []

Exercise 2.5.5. Let X;,X5,... be i.i.d. vectors in RK having the same distribution as X := ({1,¢; +
Eoyn 14+ &), for &y, ... & iid. withP(E; = 1) =P(&; = —1) = 1/2. Show that (Xj +---+X,,)/v/n has
a limiting distribution which one will describe in terms of a density function.

Solution of Exercise 2.5.5. The covariance matrix of the (centered) vector X is D := (min(i, j))1<i,j<k:
indeed, we have Var(é1+---+¢&;) =iVar({;) =ifor1 <i<k,and

E[€1+---+ENEr+--+ &+ +ENI =E[E1 +---+¢&)*] +0 = i = min(i, j)

for 1 <i < j < k. The multidimensional central limit theorem then yields

X +--+X,
_— :>JV(O,D).
\/ﬁ n—oo

Further, we can see that D = T T, where T is the plain upper triangular matrix having all its coeffi-
cients equal to 1. Thus D is invertible (det D = 1); its inverse

2 -1
-1 2 -1 (0)
pi=| !
0) o2 -1
-1 1
has associated quadratic form
k
xD7'%) =3 (- %17 x:=(x1,..., %) €RE
r=1

(with the convention xj := 0). We conclude that the limiting distribution .4/ (0, D) is given by the den-
sity function

k
(2m)~*/2 eXp(—% > (= xr—l)z)-
r=1

Remark. This is the k-dimensional marginal distribution of the standard Brownian motion at integer
times 1,2,..., k. [ ]
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Exercise 2.5.6. Let p be in between —1 and 1, and ,uj,a?,j = 1,2, be given. Construct Gaussian
variables X, X» with means u, tp, variances a%, ag, and correlation p.

Solution of Exercise 2.5.6. Suppose constructed Y, Y; two i.i.d. A (0,1) r.v. Then Y := p Y1 +/1—p? Y
is still A7(0,1), with py, y, = p. Therefore X; :=u;+0;Y;, j =1,2, are :/V(/Jj,a'?) r.v.with px, x, = p.

2
Remark. We have (X1, X») Normal with mean (u1, 2) and covariance p;’if p (;xzay ) -
XYy y

Exercise 2.5.7. Let (X, Y) be bivariate normal with correlation p and 0§( = U%.. Show that X and
Y — pX are independent.

Solution of Exercise 2.5.7. Since (X, Y) is Gaussian, so is (X, Y — pX). By bilinearity and definition of p,
we have Cov(X, Y —pX) =Cov(X,Y) - pai =0,s0 X and Y — pX are independent. n

Exercise 2.5.8. Let X:= (X1, X»,..., X;;) be a n-dimensional centered Gaussian vector. We suppose
that there exist k > 2 and 0 = iy < - -- < iy = n such that the covariance matrix Q of X is a block-diagonal
matrix consisting of k blocks Qy,..., Qk, i.e,

Q1 (0)

(0) Qk

with respective sizes i} — iy,..., i — ix—1. Show that X; := (Xijflﬂ,...,Xi].), 1 < j < k, are independent
centered Gaussian vectors with respective covariance matrices Q;.

Solution of Exercise 2.5.8. Write d;:=ij—ij_1.Let1<j<j <kand A€ R, A" € R%'. We must check
that

. Iy 1 1
El X)) giA ,Xjr>] = exp(—E(A, QjA)) eXp(_§<A,’ Qj’/l/)) .
We have (1,X;) + (A’,Xjr) = (u,X), where

Ar—ij_p if lj1<r < lj,
r<

Uy = /Vr—ijr,l’ ifij ;< Ljr,
0, otherwise,
from which we easily see that (i, Qu) = (A, Q;A) + (A, Q; ). -

Exercise 2.5.9. Let X be Gaussian A (g, Q) inR"?, Ac R"*", be R", and Y:= AX+b.
1. Show that Y is still a Gaussian vector. Give its parameters in terms of Q, A, u,b.
2. Show that Y is nondegenerate if and only if X is nondegenerate and A is invertible.

3. We suppose det(Q) # 0. Find A and b such that Y is standard A" (0, I).

Solution of Exercise 2.5.9.
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1. Since Gaussian vectors are stable by linear maps (by definition), Y is still Gaussian. More pre-
cisely, its characteristic function is

() B e

1
= exp(i(u, Ap+b)— E(u, AQATu> , ueR”,
since @x(u) = exp(i{u, p) — %(u, Qu)). This shows thatYis A (Au+b, AQAT).

2. Ynondegenerate < AQAT invertible < X nondegenerate and A invertible.

3. Wehave Y~ A4(0,]) < AQAT = I and b = —Ap. Thus we simply need to find A = B! such
that Q factorizes into Q = BB'. Since Q is positive-definite, this is possible and known as a
Cholesky factorization of Q. For instance, if Q has matrix diag(A;,...,A;) in some orthonormal
basis, then we can take “B = \/Q” as having the matrix diag(y/A1,...,/Ay) in this same basis.
(Alternatively, we can take for BT any orthonormal basis of R” w.r.t. the inner product induced
by Q.) =

Exercise 2.5.10. LetY:= (Y3,...,Y,) be anondegenerate Gaussian vector with covariance matrix Q,
X be some random variable with finite variance, and v:= (vy,..., v,) € R". Show that

Var Z v;Y;i— X

i=1

is minimal for v= Q'u, where u:= (u, ..., u,) is given by u; = Cov(Y;, X), 1 <i < n.

Solution of Exercise 2.5.10. Let A=) ; v;Y; with v as above, and B :=Y_; w;Y; for some other w € R".
Then by bilinearity,

Var(B—X)=Var(B—-A+ A—X)
=Var(B—- A)+Var(A— X)+2Cov(B— A, A— X),

where, since Qv —u =0,

Cov(B—AA-X) = (wj— vj)Cov(Yj,A—X) = (wj— v]-)((Qv)j —uj)=0.
4 —

j=1 J
Thus Var(B — X) = Var(B — A) + Var(A — X) > Var(A — X): Var(A — X) is minimal.

n

Remark. This is the Pythagorean theorem applied with the inner product Cov(;,-) in the space of
square-integrable r.v. (up to translation by an a.s. constant variable). n

Exercise 2.5.11. Let (X, Y) be a nondegenerate 2-dimensional centered Gaussian vector, and

1% if X*+Y?<1,
o -X, else.

Show that Z is Gaussian, Z ~ X, but that (X, Y, Z) is not a Gaussian vector.
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Solution of Exercise 2.5.11. For every f: R — R measurable,

[E[f(Z)] = [E[f(X)]l{X2+Y2<l}] +[E[f(_X)]]'{X2+Y2>l}:|
=E[f(X) e yzey ] +E[f(OL x4 cvizzn]
=E[f(X)],

where the second equality holds because (X, Y) ~ (-X,-Y). Hence Z is Gaussian with Z ~ X. How-
ever Z — X is not Gaussian because P(Z - X =0) = P(X?+ Y2 < 1) > 0 (since (X, Y) is nondegenerate).
In particular (X, Y, Z) cannot be a Gaussian vector. m

2.6 Conditional expectations

Exercise 2.6.1. Let X, Y be two independent Poisson variables with parameters A, u > 0 respectively.
Weset N:=X+Y.

1. ComputeP(X=k|N=n)fork,neZ,.
2. DeduceE[X | N=n]forneZ,, and then E[X | N].

3. Check that E[X] =E[E[X | N]].

Solution of Exercise 2.6.1.
1. We have from independence of (X, Y) that N is a Poisson(A + y) r.v., and

PX=kY=n-k)
P X=k|N=n)=
P(X+Y=n)
w(A e ) (A e
_(Ee '(n—k)!e“)/( o #)

n A k u n-k
:(k)(/l+p (/1+u) )
We see that conditionally on the event {N = n}, the r.v. X is Binomial(n, p) distributed, where

p:=A/(A+ ). Thatis to say, conditionally on the variable N, the r.v. X has the Binomial(V, p)
distribution.

2. From our knowledge of the Binomial distribution we see that E[X | N = n] = np, hence E[X |
N] = Np.

3. Ontheonehand, E[X] = A since X is aPoisson(A) r.v. On the other hand, E[E[X | N]] = AE[N]/(A+

1) = A since N is a Poisson(A + ) r.v. =

Exercise 2.6.2. Let X,Y be two independent exponential r.v. with parameters A, i > 0 respectively.
Weset T:=min(X, Y).

1. What is the law of T?
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2. Compute E[T | X].
Hint. Go back to definitions. (Find E[T f(X)] for f: R — R measurable bounded...)

3. Compute E[X | T].

4. Check thatE[E[T | X]] =E[T] and E[E[X | T]] = E[X].
Solution of Exercise 2.6.2.

1. Forevery t > 0,P(T< ) =1-P(X>1Y >1) =R e Me H 5o T has the Exponential(A + )
distribution.

2. Because Y is independent of X, the conditioning on X does not affect Y and we can thus simply
integrate w.r.t. the law of Y: E[f(X,Y) | X] = [ f(X,y) Py(dy). We here (re)prove this general
result within the notations of the given example. As an intermediate step we have, for every
x=0,

X
E[YLy<xl= / yue *dy
0 _ X
=[S | ey hp)
0
1

= ﬁ(l—e_“x(1+ux)). (%)

Let now f: R — R be measurable and bounded. Then

EITfX)]=EXf(X)Ly>x)+ Y (X Ly<x)]

%/ (xP(Y > x) + E[Y 1 y<y]) f(x) Px(dx)

0

(é)/ (xe_”x+i(l—e_“x(l+ux)))f(x)PX(dx)
0

=F

M

1
(1= F(X)
(- f

where we applied Fubini’s theorem in the second equality (T is integrable!). Hence E[T | X] =
(1-e#*X)/pas.

3. As another intermediate step we have, for every y > 0,

[E[X]l{ygx}] :/ xﬂte_’lxdx
y
. 0o
= [—xe"lx ) oo+/ e Mdx (i.b.p.)
x=y y
1 1y
:Z(1+/ly)e . (%)
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Let again f: R — R be measurable and bounded. Then, as in Question 2,

ELXf(T)] = E[Xf(X)Lysx] +EIX (V) Liyex)]
= / XfOP(Y > x) Px(dx) + / FWEXTy<x] Py(dy)
0 0

G [ A [ o

:[E[(T+A(Au+u))fm]'

density of T that we made appear

Hence E[X | T] = T+ ypy a8

4. We have
E[E[T | X]] = l (1 —/ e‘“xxle_“dx) = l (1 - A ) = L =[E[T],
u 0 pl A+p) A+p
and
u 1 u 1
E[E[X | T]] =E[T] + = + =—=[E[X]. n

AA+p)  A+p AA+p) A

Exercise 2.6.3. Let U,V be two independent standard uniform r.v. on (0,1). Compute
E((U-V)"| U

Solution of Exercise 2.6.3. The conditional expectation is well defined since (U — V)" is a nonnegative
(or integrable) r.v. The independence between V and o (U) allows us to integrate with respect to the
law of V:

1 U
1
E(U-V)"| U] :/ U-v)tdv :/ (U-v)dv= > U>.
0 0
(We could have proceeded as in Solution of Exercise 2.6.2.2.) m

Exercise 2.6.4. Let X, Y e L}(Q, «,P).
1. Showthatif X =Y a.s.,thenE[X | Y] =E[Y | X] a.s.
2. Conversely, show thatif E[X | Y] =Y and E[Y | X] = X a.s., then X =Y a.s.
Hint. You may only consider the case X, Y € L?(P) (show that E[(X — Y)?] = 0).
Solution of Exercise 2.6.4.

1. Note that since X = Y a.s., we may identify LY(Q,o(X),P) and L}(Q,o(Y),P). Let @: R— Rbe
measurable and bounded. We have E[X¢(Y)] =E[Y¢@(Y)],soE[X | Y] =Y. Likewise, E[Y | X] =
X.HencelE[X | Y]=E[Y | X] a.s.
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2. Suppose X,Y e L2(P) with E[X | Y] = Y and E[Y | X] = X a.s. Then

E[(X - Y)%] = E[E[(X — Y)? | X]]
=E[X?+E[Y?| X]-2XE[Y | X]]
N——

X
=E[Y?] ~E[X?]
= E[X?] —E[Y?] (symmetry X — Y)
=0,

so X =Y a.s. The general case when X, Y are only L!isless straightforward. First, for € R,

El(X—Y)1ix>n] =E[E[(X - V)1 ix>p | X]]
= [E[X]I{X)t} - |E[Y | X] ]1{X>t}]
——
X
=0.

But E[(X - Y)1ix>nl =E[(X = Y)1ix>ry>pn] +EI(X = V)1 ix>¢>v3], SO
El(Y - X)Lix>rven] =E(X = Y)1ix>sv3] 2 0.

Exchanging the roles of X and Y shows that the last two expectations above are in fact 0. Since
X—-Y>0o0n{X > t> Y}, wehave in particular P(X > ¢ > Y) = 0. Finally,

P(X>Y):|P(U{X> t>Y}
te@
<)Y PX>t>Y)
te@
=0,

and by symmetry, P(X < Y) =0. Hence X =Y a.s. m

Exercise 2.6.5. LetX:=(Xj,...,X;) be a4 (0,T) centered Gaussian vector in R4, Compute E[{A,X) |
(W, X)l forA,pe R4 (with (-,-) the usual inner product in R%).

Solution of Exercise 2.6.5. Let N := (A,X) and N’ := (g, rX). Since N is L2 (itis a Gaussian r.v.), the con-
ditional expectation Y :=E[N | N'] coincides with the orthogonal projection of N onto L2(Q,0(N"),P).
But since (N, N’) is a Gaussian vector (because linear combinations of N and N’ are also linear com-
binations of Xj,..., Xy), this orthogonal projection reduces to that onto the line RN’ c 1L2(Q, o (N'), P).
That is, Y = ¢cN’ where ¢ € R is such that E[(N — Y)N'] = 0, namely ¢ = Cov(N, N')/Var(N’). In terms of
the covariance matrix I', we conclude that

(A, pul)
E[{A,X XY = —— (u, X
KAX) |, XD (s, i) (X
(where the right-hand side is understood to be 0 when uI" = 0). "
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Exercise 2.6.6. Suppose (B;) € #Nis a partition of Q (thatis, Q = U,>; B, with B, # @ and B,NB,;, =
@ for n # m), and let 8 := 0 (B,,: n > 1). Show that for every X € LYQ,«,P),

E[X|%] =) E[X|B,l1g,.

n=1

Solution of Exercise 2.6.6. We first recall the well-known fact that

:{UBn:SgN}

nes

(indeed, the right-hand side is a o-algebra included in 98, and contains all B,;’s). It is then clear that
the Z8-measurable r.v. E[ X | 98] can be written as

EIX|2Bl=Y fnls,,

n>1

with §, € R to be determined. Since E[E[X | $]13,] = E[X1p,] must be fulfilled for all n > 1, this
entails 5,P(B,) =E[X1p,], i.e, B, =E[X | B,]. =

Exercise 2.6.7. Let (2, </,[P) be a probability space, 28 < «f be a sub-o-field, and A € o/ be an event.
Show that the event B := {P(A | &) > 0} contains a.s. A (thatis, P(A\ B) =0).

Solution of Exercise 2.6.7. By definition of B € 3,
0=E[P(A|B)1q\g]l =E[P(A\B|%AB)] =P(A\ B). -
Exercise 2.6.8. Let X € L?(Q, of,P) and & < o a sub-o-field. We define the conditional variance

of X w.r.t. 2 by:
Var(X | B) :=E[(X —E[X | B])* | B].

Prove the law of total variance:
Var(X) = E[Var(X | 98)] + Var(E[X | ]).
Solution of Exercise 2.6.8. On the one hand, Var(X) = E[X?] — E[X]%. On the other hand,

E[Var(X | 9)] = E[ X* - 2XE[X | B] +E[X | B1?|
=E[X*] - E[XE[X | 4],

and

Var(E(X | 1) = E| (ELX | 8] - ELX])’]
=E[XE[X | B]] - E[X]%. =

Exercise 2.6.9. Let X;,X5,...beiid.r.v.inL}(P),and S,;:= X3 +---+ X,,, n > 1.
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1. Find E[X; | X], E[S, | X1], and E[Sy, | S;—1].

2. Show thatif (X, Z) and (Y, Z) have the same joint law, then for every f: R — Rwith f(X) € LY,
we have E[f(X) | Z] =E[f(Y) | Z]. Deduce E[X; | S;].

Solution of Exercise 2.6.9.

1. Note that S, € L'(P) (because L!(P) is a vector space). Since the X;’s are i.i.d., we have E[X] |
Xo] =E[Xq], E[S, | X1] = X5 + (n— DE[X;q], and E[Sy, | Sp-1] = Sp—1 +E[X5].

2. Let f: R— R with f(X) € L}(P). There exists g: R — R measurable such that E[f(X) | Z] = g(2).
Now if (X, Z) and (Y, Z) have the same joint law, then for every ii: R — R bounded measurable,

E[f(V)R(2D)] =E[f(X)h(2)] =E[g(Z)h(2)].

This shows that E[f(Y) | Z] = g(Z) a.s. Consequently, (X1, Sy),...,(Xn, Sy) having all the same
(joint) distribution, we have (using linearity of the conditional expectation)

1 Sn
[E[Xl|Sn]:E[E[X1+"'+Xn|Sn]:7-

Exercise 2.6.10. Let p € (0,1], let X,,, n € N, be a Binomial(n, p) r.v., and, given X, let Y,, have a
Poisson(X,,) distribution.

1. Compute the mean m,, the variance 0%, and the characteristic function ®,, of Y;,.

2. Show that
Yo—-my, (@ Z
oy n—oo

where Z ~ _A4(0,1). Is there a link with the central limit theorem?

Solution of Exercise 2.6.10.
1. We have m,, :=E[Y},] = E[E[Y}, | X,;]] = E[X,] = np and, by Exercise 2.6.8,

o2 =E[Var(Yy | X,)] + Var(E[Yy, | X,])
=E[X,,] + Var(X,,)
=np+np(l-p)
=np2-p).

Finally,
@, (1) = E[E[e" | X,]] = E[eX" V] = (1- p+ pexp(el’ - 1))".
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2. Successively,

on 202
. ( i ) ir (1)
—exp(eor )=——+—+o0|—|,
P on 0% n
i _ itp  *p (1)
1—p+pexp(eon ! 1 — ol—|,
P+ pexp( ) on 0% n
it g itnp t*np2=p)
nlog(l—p+pexp(evn ))— +o(1),
On 20’%1

and thus

jpYn=mn _itnp t _2
Ele® on |=e on Q| —|—— € 2,
Oy,) n—o

which is the characteristic function of the standard Normal distribution. We could have con-
cluded directly by applying the CLT (which we somehow reproved): the expression of ®,, shows
that Y}, is distributed like the sum of # i.i.d. r.v. with the same law as Y. =

Exercise 2.6.11. Let U be a uniformly distributed r.v. on [0,1) and let X,, := |[nU] for n > 1. Deter-
mine the conditional law of U given Xj,.

Solution of Exercise 2.6.11. Forall0 < k<nand t >0,

0, ifnt<k,
PUSLX,=k)=3t-% ifk<nr<k+1,
1 ifnr>k+1

Xn Xptl
n’ n

Thus, conditionally on X, the r.v. U is uniformly distributed on [ ). That s, for every bounded

measurable function f: R— R,
Xp+1

ELf(U) | Xl :/

Xn ]

Exercise 2.6.12. Let (X, Y) be a random vector in R"*" with probability density function (p.d.f.) p.
1. Show that Y € R™ admits a p.d.f. g and give its expression in terms of p.

2. For each y e R™, we let v(y,-) denote the measure on R" given by

1
v(y, A) I:—/ (x,v)dx, A€%(|Rn)
Y=o JPY

(with the convention v(y, A) = 0 if g(y) = 0). Prove that for every bounded measurable function
f: Rn+m N R,

Elf(X,Y) Y] =/f(x, Y)v(Y,dx).
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Solution of Exercise 2.6.12.

1. By Fubini-Tonelli’s theorem, the nonnegative function

yeR™ — q(y) ::/ p(x,y)dx
[Rn

is measurable, with integral 1, and for every f: R™ — R bounded measurable,

ELf (V)] = ffR T plny)dxdy = / FO) q()dy.
nyRm R7

Thus Y admits g as probability density function.

2. We see from the definition of v that g(y)v(y,dx) = p(x, y) dx. Fix f: R"* — R bounded mea-
surable. Define

gy i=/ fx,yvydx), yeR™
Rn

Then, for every bounded measurable function /: R — R,

Elg(Y)h(Y)] =/

ghy) qg(y)dy
Rm

:/ ( f(x,y)v(y,dx))h(y)q(y)dy

R™ \JR?

= / ( f(x,y)p(x,y)dx)h(y)dy
R \J R

= ff fx,»h(y) plx,y)dxdy (Fubini-Lebesgue)
Ranm
=E[f(X,Y)h(Y)],

HenceE[f(X,Y)| Y] =g(Y). ]

Exercise 2.6.13. Let {X;},>0C L2(P) such that S,, := Xj +---+ X,,, n > 0, defines a martingale. Show
that E[X; X;] =0foralli # j.

Solution of Exercise 2.6.13. Let i < j. Then

E[X;X;] =E[E[X;X| | So,..., S]] =E[XGE[S; - Sj-11So,...,Si]] =0.

=0 =
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2.7 Martingales

Exercise 2.7.1. Let (X,),>0 be amartingale and T a stopping time. Recall that (X, 7),>0 is again a
martingale and that (optional stopping theorem) if T € L*°, then

Xrell, with E[X7]=E[X,]. (%)
Show that (%) also holds in the other two following cases:
1. When T < oo a.s. and (X,) ;>0 is dominated by some r.v. in L.
2. When T e€L! and (X,,41 — Xn)n>o0 is bounded in L.
Hint. Use the dominated convergence theorem.
Solution of Exercise 2.7.1.

1. Since n A T always tends to T in Z, U {oo} as n — oo and T < oo a.s., we see that X, is a.s.
eventually equal to X7 (consequently X,,,7 — Xr a.s.). Further, (X, A1) ,>0 is a martingale, so

E[Xna1] = E[Xol, (2.3)

The hypothesis of domination says that thereis Y € L! suchthatas., | X,| < Y forall n. In partic-

ular, a.s., | X;A7| < Y for all n. The conclusion follows by applying the dominated convergence
theorem.

2. Recall that T e ! implies T < oo a.s., so like in Question 1, X, — X7 as n — oco. Now, there is
a constant ¢ > 0 such that a.s., | X;,41 — X,| < cforall n, so

nAT
| Xnarl <I1Xol+ Y. 1Xkar — Xe-pyarl < 1 Xol +cT e L.
k=1

The dominated convergence theorem entails that X7 € L! and allows us again to take the limit
in (2.3).

Remark. These results will be generalized later (stopping theorem for Ul martingales).
Exercise 2.7.2 (Pig). Let D;, i > 1, bei.i.d. realizations of a fair 6-faced die roll. We define

T:=inf{i >1: D; = 1},

gn::U(Dl»---,Dn)y n>0)
and
n
Sni=)_ D, n>0.
i=1

1. Check that T is a (%%,) ,>0-stopping time. Compute E[T].

2. Show that
n+T

[E[Sn| T] =4I’l]l{T>n}+( —3) ﬂ{Tgn}-
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3. Deduce that E[St] = 21.
4. Provide an alternative solution to Question 3 using a martingale.
Hint. Determine m € R such that (S, — mn) ;> is a (¥,) ,>0-martingale.
Solution of Exercise 2.7.2.

1. Asthe entrance time in the Borel set {1} of the (&) ,>0-adapted process (D) >0, T is a (¥,) n>0-
stopping time. Because T has the geometric distribution on N with success probability %, we
have E[T] =6.

2. Let k € N be any possible value for T. Since {T = k} ={D; # 1,...,Dy_1 # 1, Dy = 1}, we easily
observe that, conditionally on {T = k}:

 the D;, i < k, are independent uniform r.v. on {2,...,6} (each with mean 4);
« the D;, i > k, are independent uniform r.v. on {1,...,6} (each with mean %) ;

« and (of course) Dy = 1.

Therefore, forall k >1and i >0,

4, ifi<k,
ED; | T=kl=<1, ifi>k
1, ifi=k

Then, by linearity of expectation,

7
[E[Sn | T= ]C] :4(]6—1)/\n+5(1’l—k)++]1{k<n}
n+k

:4n]1{k>n}+( —3) ]l{kgn}.

3. It follows that
E[S7] =E[E[ST | T]] =E[4T —3] =4E[T] -3 =21.

4. Letm:=E[D,] = % Then S, — mn, n > 0, is the partial sum of independent, integrable, and cen-
tered %, -measurable variables, so (S, — mn),>¢ is a (¥,)-martingale. Because T is a (%) n>0-
stopping time, we deduce from the stopping theorem that the process

M, =Suar—mnAT),n=0,
is also a martingale. In particular E[M,] = E[M,] = 0, that is E[S,r7] = mE[n A T]. Letting now

n — oo yields (by monotone convergence) E[S7] = mE[T] = % -6=21. =

Exercise 2.7.3 (Pokémon Go). Imagine thatateachtime n=1,2,...,youfind one of the m Pokémon' ",
assuming they all appear independently and uniformly at random. Let Rj := m and R,, be the number
of different Pokémon you still need to capture after time n in order to complete your Pokédex.
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1. Justify that conditionally on R, the r.v. R, — R+ is Bernoulli(R,,/ m) distributed.

2. Let h(k) =} 1<i<k 1/i for every k > 0. Deduce from Question 1 that, respectively,

m n n
Mn;:(_l) Ry, and Lyi=—+h(Ry),  n>0,

define a martingale and a submartingale w.r.t. the natural filtration (&,) ,>0.
3. Let T:=inf{n > 0: R(n) = 0} be the time you catch them all.

a) Check that T is a (%) ,>0-stopping time.
b) Show that X;,:= L,,7, n > 0, becomes a martingale and deduce that T € L.

c) Deduce E[T] (apply Exercise 2.7.1). Give an equivalent when m is large.

Solution of Exercise 2.7.3.

1. Clearly, R, — R;+1 € {0,1} and is 1 if and only if we find a new Pokémon at time n + 1, which
conditionally on R, = k € {0,..., m} happens with probability k/m. That is, conditionally on R,
ther.v. R,, — R,+1 is Bernoulli(R, / m) distributed.

2. In particular E[R,, — R;+1 | Ryl = R,/m, and thus E[R,+1 | Ryl = (1 —1/m)R,. We then readily
have the martingale property for (1-1/m)™"R,, = M,,. Next, (L) ,>¢ is clearly (%¥,),>0-adapted,
inL!,and L,,s1 — L, =1/m— (R, - Ru+1)/R,,. Hence

1
ElLps1— Ly | Fnl = = 1ir,=0; = 0. (2.4)

3. a) Clear, as hitting time of the Borel set {0} by the adapted process (R;)>0. More straightfor-
wardly: {T =n} ={Ry #0,...,Ry-1 #0,R, =0} € &},.

Remark. Since (R;) ;>0 is non-increasing in N and the nonnegative martingale (M) > must converge a.s.,
we already see that R,, = 0 eventually, so T < oo a.s.

b) Since {T > n} = {R, # 0} € &#,,, we see by (2.4) that (X},) ,>¢ is a martingale:
E[Xp1—Xn | Fnl = Lirsm ElLpy1 — Ly | Fp] = 0.

Then ) )
h(m) =E[Xo]l =E[XuaT] = E[E[n AT +E[h(RuaT)] = E[E[n/\ T,

where n A T 1 T, so we deduce from Fatou’s lemma that E[T] < m h(m) < co.

c) It is plain that | X,| < T/m+ h(m) € L! or that (L,1 — L) >0 is bounded (by 2) in L.
We may thus apply either of the two criteria of Exercise 2.7.1: then X7 = Lt € L!, and
h(m) = E[Lg] = E[L7] = E[T/m] (note that h(R7) = 0 because Rt =0, a.s.). Hence E[T] =
mh(m) ~ mlogm as m — oo.

Remark. This problem is known as the Coupon collector’s problem. n
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Exercise 2.7.4. Let 0 € R, (Xj)xen be a sequence of i.i.d. A7(0,1) r.v., and
n
Sni=)Y Xy, n=0.
k=1

1. Find f: R — R such that M’(f) =exp(0S, —nf(@)), n=>0,is amartingale.

2. Does M, 29) converge as 1 — oo, almost surely? in L'?2

Solution of Exercise 2.7.4.

1. Let %, =0(Xy,...,Xn), n > 0. Clearly, e9Sn is &, -mesurable, and since by independence S, is
A (0, n)-distributed we have E[e?S1] = "0°/2 < 0o, Finally

Elexp(0(Sp+1 — Sn)) | Fnl =Elexp(0S)] = ¢’ /2,
so that for f(0) := 62/2, the process (M,(f))ng() is a (#,) n>o-martingale.

2. On the one hand, the convergence theorem for nonnegative (super)martingales tells us that M,
converges almost surely as n — oo to some r.v. Még). On the other hand, we know from the law
of large numbers that S,, = o(n), so if 0 # 0 we have

logM,, =n0S,/n—- f(6)) — %

hence MY =0 a.s. Since [E[M,(f)] = 1 for every n, we conclude that, unless 8 = 0 (in which case
MO = 1), M,(le) cannot converge in L. n

Exercise 2.7.5. Let E := {A,B} be a set with two elements, m € N, and consider an initial popula-
tion Xy € E™ of m individuals, each of which has either type A or type B. Suppose that at each time
n=1,2,..., a new population X, is born in such a way that each individual inherits the type of one
individual in the previous generation X,,_;, which is chosen independently and uniformly at random.
Formally

Xn=Xn-10041),.., Xn-1(0n,m)) € E™,

with (0,,1) nen,1<i<m an independent family of i.i.d. uniform r.v. on {1,..., m}.
1. What do you think will eventually happen to the population?

Let A,, n > 0, denote the number of individuals in X, which have type A.
2. Justify that conditionally on A, the r.v. A,; is Binomial(m, A,/ m) distributed.
3. Show that (A,),>0 is a martingale converging a.s.

4. Check that [E[Afl+1 | Ayl = mT_lA,% + A,,. Deduce that
2 m_\n
My = (m=1)(m=Ap) +(mA, - A2) (——|,  n>0,
m-—1

defines another martingale.
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5. Prove your conjecture in Question 1.

Solution of Exercise 2.7.5.

1. We conjecture that after some time, all individuals are of the same type, i.e, there exists ny such

that X, = X, € {A}" U {B}" for all n > ny.

. We see that A, is the number of balls of type A we would obtain by drawing with replace-

ment m indistinguishable balls from an urn containing A, balls labeled by A and m — A,, balls
labeled by B. Thus, conditionally on A,, the r.v. A, is Binomial(m, A,/ m) distributed.

. In particular E[A,+1 | Al = m-A,/m = A,. Hence (A,) >0 is a nonnegative martingale. By the

martingale convergence theorem, its limit A, as n — oo then exists almost surely.

. UnderP(-| A,,) wehave Var(A,+1 | A,) = m-(A,,/m)-(1- A,/ m) (variance of a Binomial(m, A,,/ m)

I.V.), SO

2 2_m=1 ,
E[AS 1| Apl =Var(Ap1 | Ap) +E[Apir | Ayl = — A5+ Ap.
For &, := 0(Ay,..., Ay), itis then plain that M, is &, -measurable, integrable, and that

m=1 42 m \n+l
E[Mpi1 | Fol = (m=1)(m= Ap) + (mAy = 2242 = A,) (——] = M,
n m-—1

. Because 0 < A,, < m, itis clear that M, is further nonnegative. By the martingale convergence

theorem, M, then converges almost surely. In particular
_ a2y (Y
(m=1)(mAcs =A%) (——]

must be a.s. bounded in 7, which is possible only if m A, — A2, =0 a.s., i.e, Ay € {0, m}. But A,
is integer-valued, so we can conclude that A, € {0, m} when n is sufficiently large, almost surely,
which proves our conjecture.

Remark. Applying Exercise 2.7.1 for the stopping time T := inf{n > 0: A, € {0, m}} provides the law
of Axo: We find P(Ax = m) = Ag/m and P(A, =0) = (m— Ag)/ m. n

Exercise 2.7.6. Let (X;),en be a sequence of independent r.v. We suppose that there exists a con-
stant C > 0 such that the following three (deterministic) series

@ Y P(UXn>0C), ® Y E[Xnlyxu<ci), (© ) Var(X,1yx,<a)

neN neN neN

all converge (in R). Show that the series Z X, converges almost surely.

neN

n
Hint. Show that M,,:= ) (XxLyx,<c) —E[Xk1qx.<c]), >0, is bounded in L?(P).
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Solution of Exercise 2.7.6. The given process (M) ,>o is a martingale (defined as a sum of indepen-
dent, integrable, centered r.v.). The convergence of (c) shows that this martingale is indeed bounded
in L2 (P): for every n >0,

m n o0
E[M3] = Var(M,) = Y Var(Xi1yx <c) < 3 Var(XxLyx <) < oo.
k=1 k=1

By the L”-convergence theorem, the martingale (Mj,),>o converges a.s. (and in L?(P)). Adding the
convergence of (b), we deduce the a.s. convergence of the series

Y Xulyx,i<co)- (%)

neN

Finally, by the (first) Borel-Cantelli lemma, the convergence of (a) entails that the event {| X,| < C}
must occur for n large enough with probability 1, implying that the convergence of ),y X}, is a.s.
equivalent to that of (x). The conclusion follows.

Remark. Conversely, the three series (a), (b), and (c) converge (for any C > 0) if the series Z,en Xy,
converges almost surely [Kolmogorov’s three-series theorem]. n

Exercise 2.7.7 (A counterexample). Let T be ar.v. in N and (Yy)ren be an independent family of
i.i.d. r.v. with Var(Y;) =1 and E[Y;] =0. We set %, =0 (T, Y3,...,Y,) and

n
Xp=) Yy, n>0.
k=1

1. Show that (X},) ;>0 is a (¥,) n>0-martingale which is not bounded in L' (P).

2. Give an example of distribution for T such that the (%},),>0-stopped martingale (X, 1) nen 1S
still not bounded in L! (P) (although it converges almost surely).

Solution of Exercise 2.7.7.

1. You (should) already know that (X},),>¢ is a (¥,),>0-martingale. Besides, the unboundedness
in L!(P) is not new and follows e.g. from the central limit theorem (Exercise 2.4.6). More pre-
cisely, v'n = O(E[| X,|]) as n — oo.

2. Byindependence between T and (X},) ,en (and monotone convergence theorem),

El0Xparll = Y P(T = K)E[| Xpakl]
k=1

> ) P(T =k ElXkll.
k=1

Since vk = O(E[| X)), the latter sum diverges if k=32 = O(P(T = k)), k — oo. Hence, if we take
for instance the probability distribution

P(T=k)= ! ! keN
vk Vi+1 ’
then (X,,A7)nen converges to Xr a.s., while it is not bounded in L (P). -
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Exercise 2.7.8. Let S, T be two (&) ,>0-stopping times and X € L! (P). Show that
EIE[X | Fs] | Fr] =EIEIX | Fr]| Fs] =E[X | Fsar].
Hint. Apply the stopping theorem... a few times.

Solution of Exercise 2.7.8. On the one hand, we observe that X,, :=E[X | %], n > 0, defines a uniformly
integrable (%,),>0-martingale. On the other hand, applying the stopping theorem for the stopping
time n A T, n € N, entails that X, = E[X | &#,a7], so the (¥,),>0-martingale (X;x7) >0 is also uni-
formly integrable. Applying again the stopping theorem, but to this stopped martingale and for the
stopping time S, yields
Xsar =E[XT | Fsl.

Now, two other applications of the stopping theorem show that X7 = E[X | &7] and Xgar = E[X |
Zsatl. The conclusion follows (exchanging the roles of S and 7). -

Exercise 2.7.9 (Other counterexamples). Let f: N — R measurable and T be a N-valued r.v. such
that f(T) € L'(P). For every n > 0, define &, := 0 ({T = k}, k < n) and

E[Lir>n f(T)]

Xn=Tir<m (1) + Lir>pmyr(n), where r(n):= P(T > n)

1. Check that T is a (%) ,>0-stopping time and that (X},) ;>0 is a uniformly integrable (%) ,>0-
martingale.

2. In this question we suppose that f (k) = 2k k2 and thatP(T=k)=2"% keN.

a) Show that X7_; ¢ L (P). What is wrong regarding the stopping theorem?
b) Deduce that (X},),>¢ is not dominated in L'(P).

3. In this question we suppose that f (k) =logk, k € N, and that, as k — oo,

P(T=k) = ! + O( ! )
7 k2(logk)? k?>(logk)3 )

a) Check that T € L' (P), while T ¢ L?(P).
b) Show that (X;+1 — X;,) >0 is bounded in L*°(P).

1 1 1
H. t. = (0]
n ,;n k?(logk)?  n(logn)? i (n(log n)pP+1

) as n — oo, for p € {1,2}.
T
c) Showthat Y X, ¢L'(P).
k=1
Solution of Exercise 2.7.9.

1. Clearly T is a stopping time. We further observe that X,, = E[f(T) | %#,], n > 0. By the equiva-
lence theorem, (X},) ;>0 is a uniformly integrable (%) ,>0-martingale.

2. Note that in this question, indeed, f(T) e L!(P): E[2T T72] = ¥ 3>, k™2 < co.
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a) We have X7_; =r(T —1), where
1 2n

r(m=2"3) —~—, asn—oo.
k>nk n

Therefore X7_; ¢ L1 (P):
1
E(Xr-1] =Elr(T-1) =7 Y 27Fr (k) = co.
k=0

There is of course no contradiction with the stopping theorem: we cannot apply it because
T —1is not a (¥,) n>0-stopping time!

b) Obviously sup,,~, X, > X7-1, so E[sup,,~( Xn] = oo by 2.a). This shows that (X,),>¢ is not
dominated in L (P).

3. a) By Bertrand’s test, (nP(T = n)),en is summable whereas (n?P(T = n)) e is not. Thus
T € L1(P) (in particular f(T) =log T € L1(P)), but T ¢ L2(P).

b) By triangle inequality,
| Xps1 = Xnl < [log(n+ 1) —r(n)| +|r(n+1) - r(n)|.

But as n — oo (using the indications),

[FD(T>n)—Z(;+O( ! ))— ! +o( ! )
-~ & k2 (logk)? k2(logk)3)] n(logn)? n(ogn)3 )

and

- (T)]‘Z( 1 +o( 1 ))_ 1 +O( 1 )

k>n

so r(n) =logn+ O(1). It follows that (X,,+1 — X;,) n>0 is bounded in L*°(P).

c) We deduce from the monotone convergence theorem, our computations in 3.b) and Bertrand’s

test that
T [e’s) 00
E{ Y Xi| =D E[Xelirsn] = ) r)P(T > k) = oo.
k=1 k=1 k=1 | ]

Exercise 2.7.10. On the filtered probability space (Q, %, (%) n>0,P), let (X,)n>0 be a martingale
and T be a stopping time. We suppose that

P(T<o0)=1, E[|X7]]<o00, and r}i_l:lgo[E[|Xn|]l{T>n}] =0.
Show that E[X7] = E[Xp].
Solution of Exercise 2.7.10. By the stopping theorem (X, 7) >0 is also a martingale, so
E[Xo] = E[Xnat1] =E[XT1i7<iy] + E[ Xy L(15m].

On the one hand, the last term tends to 0 as n — oo by the third assumption. On the other hand,
we observe that X71(r<, converges a.s. to Xr (because T < oo a.s.), and is also dominated by X7 €
L'(Q, Z,P). Therefore E[X71li7<n] — E[X7] by dominated convergence, and we thus conclude that
E[X7] = E[Xo]. n
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Exercise 2.7.11. On (Q, %, (%) n>0,P), let (X,,) >0 be an adapted, integrable process,

n
Api= ) ElXp=Xp-11 Fp1l,  n>0,
k=1
and
M, =X,—A,, n=0.

1. Show that (A,),>¢ is a predictable process.
2. Show that (M},) ;>0 is a martingale.

3. Suppose we are given a predictable process (Age)@o with Af) =0 and a martingale (M) >0 such
that X,, = M), + A}, n > 0. Show that A, = A,, and M), = M,, a.s. forall n > 0.

4. We suppose in this question that (X,) ;>0 is a nonnegative submartingale.

a) Show that A,, < A,41 a.s.forall n > 0. We write Ay :=lim;,,_.oc A, € [0,00].
b) Show that if E[Ax] < 0o, then (X},),>0 converges a.s.
c) Fora>0,let T, :=inf{n > 0: A,,+1 > a}.

i- Check that T, is a stopping time, and that E[X,,»7,] < a +E[X,].
ii- Deduce that (X},),>0 converges a.s. on the event {1, = oo}.
iii- Conclude that (X},),>0 converges a.s. on the event {A, < co}.

d) We suppose that the increments of (X},),>0 are dominated in LY(Q,Z,P):

E[S] <oco, where S:=sup|X, — X,-1l. (%)
n>1

Show that limsup,,_,, X, = co a.s. on the event { Ay, = oo}.

5. We suppose in this question that (X,),>¢ is a martingale satisfying to (x). Show that a.s. as
n — oo, X, either converges or oscillates, that is

lim X, existsin R or (limiann = —oo and limsup X, = oo).
n—oo n—oo n—00

6. Prove the conditional Borel-Cantelli lemma: if E;,, € %,, n € N, then (up to a P-null set)

{limsup E,} = { Y P(Ep| Fpo1) = oo}.
n=1

Solution of Exercise 2.7.11.
1. Clearly, Ap =0and A, is &,_;-measurable for every n > 1.

2. Since X, and A, are &, -integrable r.v., so is M},, and plainly E[M,+; — M, | &#,] =0.
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3. We see that M, — M), = A}, — A,, n > 0, is a predictable martingale:
Because My — M|, = Ay — A = 0, it follows that M}, = M, and A}, = A, forall n > 0.

4. a) By the submartingale property E[ X, — X;,—1 | #,-1]1 20,50 A1 < Ap,n> 1.

b) By monotone convergence, E[As] < 0o <= sup n>0 E[Xn] <oco. In this case the submartin-
gale (X) >0 is bounded in L!, and therefore converging a.s.

c) i- Asentrance time in the Borel set (a,o00) of the (%) ,>0-adapted process (A+1) n>0, the
r.v. T, is a stopping time. By the stopping theorem,

ELXun7,] = E| Annt, | + E[Manz,] < a+E[Monr,) = a+ELXol,
——

<a (by def. of Ty)

ii- Because the submartingale (X,;r7,)n>0 is bounded in L, it a.s. converges (in R). It
remains to note that X, = X, 7, on the event {T, = oo}.

iii- Plainly {A., < a} = {T; =00} (monotonicity), so {As <00} = UgeniTy =00}, By Ques-
tion 4.¢)ii- and o-additivity, (X,),>0 a.s. converges on { Ay, <oo}.

d) Introduce the stopping time R, := inf{n > 0: X}, > a}. Then (M,»r,) n>0 is a martingale. We
have (setting X_; = Xj)

ElXnar,) = ElXnar,~1] + E[XnaR, = Xnar,—1] < a+E[Xo] + E[S] < o0,
)
E[Annr,] = E[XnaR,] —ElMpar,] < a+E[S] <oo.

Hence E[Aconr,] < 0o by monotone convergence. This implies in particular that P(Ax =
00,R; =00) =0 for all a € N, that is R; < co a.s. on the event {A,, =o0}. By o-additivity,
sup,,>¢ X = oo a.s. on the event {A,, =oo}. Because X, < oo a.s. for all n, this is equivalent
to limsup,,_,., X, = oo a.s.

5. We know that X}/, n >0, and X, n > 0, are nonnegative submartingales. Further, E[X ,j -X ;_1 |
Fr_1]l = [E[X]; — X,;_l | F1_1] (since X, = X; - X,,, n >0, is a martingale). By Question 4.c)iii-
, a.8. on {Ay, < oo}, the sequences (X)) ;>0 and (X,,),>0 converge, i.e, lim,_o, X, exists in R.
By Question 4.d), a.s. on {A, =00}, we have limsup,,_. ., Xi = oo, i.e, liminf,_.., X;,, = —oo and
limsup,,_, ., X, = co.

6. Clearly, X, == ZZ:l Ig, — Zzzl P(Ex | #k-1), n = 0, is a martingale whose increments are dom-
inated in L! (we have E[S] < 2 in (%)). It thus follows from Question 5 that with probability 1,
either X, oscillates (which means that both nonnegative sums in the definition of X,, diverge
to oco) or X, converges (which means that both sums converge). Hence, with probability 1,
both sums in the definition of X,, a.s. have the same nature. In other words, for P-a.e. w € Q,
YaP(E, | F,-1)(w) = oo if and only if w € E,, for infinitely many 7n (i.e, w € {limsup E,}). (This
extends the Borel-Cantelli lemmas!) m
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Exercise 2.7.12. Let Uy, Us,... be i.i.d. Uniform(0, 1) r.v. Let X, be any r.v. on (0, 1) independent of
(Ui)i>1, and define by induction

X, = tXﬂ—1+(1_t)]1{Un<Xn—1}’ n=1,
where ¢ € (0, 1) is fixed.

1. Show that (X},) >0 is a martingale converging a.s. and in L? for every p > 1.

2. Determine the law of X, :=1lim;,_. o X;.

Hint. Compute E[(X,,;1 — X)?].

Solution of Exercise 2.7.12.

1. Clearly, (X,),>0 is adapted to the filtration &,, := 0(Xp, Uy,...,Uy), n > 0. It is further plain by
induction on n that X;, € (0,1). Finally, for every n > 1,

E[X; — Xn-1 | g'.n—l] =1-1)- EFD(Un < Xp-1 | <g.n—l)l_Xn—l =0.

=Xn-1

Thus (X,,),>1 is a bounded martingale. In particular it converges a.s. and in L, p > 1.

2. We have (by independence of U, and X};)

El(Xn1 = Xn)?) = (1= 02| (L0 = Xa)°

=(1- 0 E[Xn(1 - Xp)* + (1 — Xp) X5
= (1- *E[Xn(1 - Xp)].

By passing to the limit in L2, we obtain E[X. (1 — Xo)] = 0, and since X € [0,1] a.s., it fol-
lows that X, € [0,1] a.s. Besides, E[X,] = lim,,_oE[X;] = E[Xp]. We conclude that X, is a
Bernoulli(E[X,]) random variable. ™

Exercise 2.7.13. Let X,, n > 1, be independent nonnegative r.v. with mean 1, and
n
M, =[] X;, n>0.
i=1
1. Show that M, :=1lim,,_.o, M}, exists almost surely, and E[M] < 1.
2. Let a, :=E[V/X,], n > 1. Prove that the following conditions are equivalent:

(@) E[Mw]=1;

(b) My — Mo in L' (P);

(c) (My)n>o is uniformly integrable;
(d) Ilxz1ax>0;
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(€) Xi>1(1—ag) <oo.
3. Show that if one of the above condition is not satisfied, then M., =0 a.s.

4. Express M in the particular case where the X;,, n €N, are i.i.d.
Solution of Exercise 2.7.13.

1. Forall n >0, E[|M,]] = [T;_, E[Xx] =1 <ooand E[My+1 | Fpl = MuE[Xy41] = My, s0 (M) n>o is
anonnegative, therefore a.s. converging martingale. By Fatou’s lemma its a.s. limit M, satisfies
to E[Myo] = E[liminf M,,] <liminf E[M,] = 1.

2. Letus introduce the auxiliary process

Then (N,) ;>0 is a product of 1-mean independent r.v., so it is a martingale. Being nonnegative,
it converges a.s. towards an a.s. finite r.v. N, which fulfills

VM

Ny = Y
[Ti>1 ax

Let us show the equivalence of all stated conditions.

(b) = (a) is obvious by passing to the limit in L!(P). Further, as M,, — M., in °, we have (b) <
(c) by the Ll—convergence theorem. The equivalence (d) <= (e) is quite elementary : we have
0 < a = E[v Xk] < VVE[Xk] = 1 by Cauchy-Schwarz’ inequality, and

-y (- ak))
k=1

n n
1-) (1-ap <[] ar<exp
k=1 k=1

(write
[Ja-Q-a)=1-) A-ap)+ Y D" > (d-ar)Q-ag,)
k=1 k=1 m=2 1<k < <km<n

to obtain the first inequality; the second one follows from the concavity of the logarithm). Now if
E[M] = 1, then there exists a P-nonnegligible set on which My, > 0 and Ny, < 00, 0 [[x>1 ar >
0. Thus (a) = (d). Conversely, if [[;>; ax > 0, then

1

E[N?] = < -
YU ak n—ioo [k ak

< 00,

so the martingale (N,,) ,>0, bounded in L?(P), converges a.s. and in L toward N,,. By passing to

the limit (in L?),
1 E[Moo]

(k=1 ak)z (k=1 ak)z’
i.e, E[My] = 1. Thus (d) = (a). Finally, (a) = (b) is a consequence of Riesz-Scheffé’s lemma
(Exercise 1.1.24): because M, and M,,, n > 0, belong to L' (P) and E[M,,] = 1 = lim,,_. ;oo E[M,,],
we have M,, — M, in L' (P).
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3. Suppose one of the above conditions is not fulfilled. Then [[;>; ax =0 and, a.s.,

= Ngo H ay =0.
k>1
4. Ifthe X,,,n > 1, arei.i.d., then a; = a; for all k > 1, and (e) is not fulfilled if and only if a; < 1; in

this case M, = 0 a.s. by Question 3. The case a; = 1 implies X; = 1 a.s. (because there is equality
in Cauchy-Schwarz’ inequality), and therefore My, =1 a.s.

Remark. We can derive this last result more directly using the law of large numbers. Suppose
first P(X; = 0) = 0. By Jensen’s inequality, ¢ := E[log(X7)] < log(E[X;]) = 0, with equality if and
onlyif X; =1 a.s. (log is a strictly concave function). But the law of large numbers entails

log(M
M — ¢, as.
n n—oo
Thus My, =0 a.s. when P(X; =1) <1 (and so ¢ <0). If P(X; = 0) > 0, then we also have My, =
a.s. since P(U;>o{M;, = 0}) =lim! P(M,, =0) = hm 1-P(X3>0"=1. "

n—oo

Exercise 2.7.14 (Counterexamples).

1. Let U be a Uniform(0,1) r.v. and X, := nl,y<1;, n > 1. Show that (X,),>1 is bounded in L'
but not uniformly integrable.

2. Show that the two following families are uniformly integrable but not dominated in L! (P) (that
is, E[sup xeq- | X]] = 00):

a) X ={Xnitn>0 with X, i := 2" 1 <p2ny<g1) and U ~ Uniform(0, 1);
0<k<22"
b) X ={Xu}n>1 with X, :=nA,By, Ap,By, n>1, Bernoulli(%) r.v., all independent.
Hint. Use Borel-Cantelli lemmas to prove that X,, — 0 a.s., and that E[ X, | ] — 0in L)
but not a.s., where & =0 (A,: n > 1).

3. Let Xn, n > 1, be independent r.v. with P(X,, = 1 - n?) = 1 -P(X,, = 1) = n"2. Show that S, :=
X1+ -+ X, n > 0, defines a martingale converging a.s. to +oo. Is this in contradiction with
Exercise 2.7.11.52

Solution of Exercise 2.7.14.

1. We have E[| X,|] = E[X,] = nP(nU < 1) =1, so (X;),>1 is bounded in L!(®). But it is not uni-
formly integrable because E[| X, |1 x,>a] = nP(nU<1)=1foralln > a> 0.

2. a) Ifa>0, thenE[| X, i|1yx, =291 =27 "Tins>a <27 %foralln >0and 0 < < k < 22", Therefore

limsup sup E[X,kllx,1>a] =0,

a—o00 n=0
0<k<22"
whereas
sup | Xkl = sup X 122ny) = =sup2” =
n>=0 n>=0 n=0
0<k<2?n
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b) On the one hand, X, € {0, n} with P(X,, = n) = P(A,, = B,, = 1) = n"2, so by the first Borel-
Cantelli lemma, X, = 0 eventually, a.s. On the other hand, by the second Borel-Cantelli
lemma, the independent variables E[X,, | #] = A, n > 1, equal 1 infinitely often, a.s., so
they converge in L!(P), but not a.s. Therefore (X},) n>1 cannot be dominated in L1(P) be-
cause the conditional dominated convergence theorem would entail that E[ X}, | &#] tends
to 0 a.s. It is however uniformly integrable because it converges a.s. and in L! (P).

3. The X, are independent, integrable r.v. with E[X,,] = n2(1-n?)+1-n"2 =0, 50 (S,) n>0 is a mar-

tingale. Now the first Borel-Cantelli lemma entails that a.s., X, = 1 for all but finitely many 7,
hence S,, — +oo a.s. This is not in contradiction with Exercise 2.7.11.5 because Elsup,,~¢ | Xnll =
oo (eventhough Sup,,>¢ | Xnl <ocoa.s.). Indeed, the probabilities

1 1
P(SUP|Xn|2k)—1 P(Vi>Vk+1, X;=1)=1- [] (1——)=—,
n=>0 >Vl L

for k > 2, are not summable. ™

Exercise 2.7.15. Let . = U;>1 %, where %, = {m: N — N bijective with 7 (k) = k for all k > n}.
Suppose X := (X,;) ;> is a stochastic process such that for every 7 € #, X" := (Xz()) n>1 has the same
law as X. Define the exchangeable o -algebra & := (1> &, where

&= {{X € Al: AcRN measurables.t. {X € A} = {X" € A} forall m € yn}.

1. Show that for every f: RN — R bounded measurable,

ELf(X)|8nl = — Z XM, n>1,
ne&ﬂn

and that as n — oo, this sequence converges to E[f(X) | £] a.s. and in L! (P).

2. Let the tail o0-algebra I = ;> 0(Xk: k > n). Show that 9 < & and that for all f: RY - R
bounded measurable, E[f(X) | &] = E[f(X) | TI.

3. Show thatif A€ &, then there is B € 9 such that A= B up to a P-null set.
Hint. Show that P(A|9) =1 4.

4. Suppose X € {0, 1N, Compute P(X; = x1,..., Xg =xr | &) forall n, k> 1, x € {0, 1}*. Deduce that
given P :=P(X; =1 &), the X,;, n > 1, are i.i.d. Bernoulli(P) r.v.

Solution of Exercise 2.7.15.

1. For every n > 1, the map

fon: xRN —-— Zf(x)

neyn
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is measurable, n-symmetric (f(,) (x") = fi) (x) for all & € .4;;), and bounded (by || fllco)- It follows
that f{,; (X) is a &,-measurable, integrable r.v. Moreover, for every h: RN — R n-symmetric and
bounded, we have

1
Elfim) (X)R(X)] = = Y Elf (XM h(X)]
n. neSy

1
= ol Z E[f(X™)h(X™M)] (h n-symmetric)
‘e,

1
=— 2L EFXORX)] x" ¥ x
‘eSS,

=E[f (XD hX)].

Hence E[f(X) | &x] = fiy(X). Finally, by the tower property for &,+1 < &, we have E[f,;)(X) |
En+1]l = fin+1)(X), which means that f(,,)(X) = E[f(X) | &x], n > 1, is a backwards martingale; it
converges a.s. and in L}(P) towards E[f(X)]|&].

. LetBeJ .ThenBeé&,, n>1,since Beo(Xi: k> n+1). Thus B€ n,>18, =&. We must show

thatE[f(X) | ] is I -measurable for f: RN — R bounded measurable. Let us first make the extra
assumption that f is continuous. Since f is then the limit of x — f(xy,...,xk,0,...) as k — oo, we
may also assume by the conditional dominated convergence theorem that f is a function of the
first k > 1 coordinates only. In this case, for all n > k + p, the number of permutations 7 € %,
with {#(1),..., (K} N{l,...,p} = @ is (n—k)!(n - p)!/(n -k - p)! ~ n!, which implies that the
a.s. limit E[f(X) | &] of f(,)(X) is a o(X;: i > p)-measurable r.v. Since this is true for all p, we
conclude that this limit is in fact J -measurable.

Consider now the linear space # := {f: RN — R measurable ; E[f(X) | &] is I -measurable}. By
the conditional monotone convergence theorem, this space is stable by non-increasing limits
of nonnegative functions, and further contains the indicator of any open set O < RN (precisely
because 1 is the non-decreasing limit as k — oo of the continuous functions fi: x € RY —
1A (k -d(x, OC)), which by the previous point belong to /4 — here, d is a distance in RN which
metrizes the product topology). It follows from the monotone class theorem that .7 contains
all bounded measurable functions f: RN — R.

. Let A€ &. Since A€ o(X), there is E < RN measurable with A = {X € E}. Then f := 1 defines a

bounded measurable function RN — R, so
Ia=fX)=ElfX)IE=EIfX)|T]=PA|T),

by Question 1. Hence, for B:={P(A| T) =1} € 9, we have A= B up to a P-null set.

4. Applying Question 1 with f:= 1y }x...x(x, Yields

1
I]:D(Xl = xlr---!Xk = Xk | gﬂ) = ; Z ]]-{Xn(1)=x1 ..... Xn()=Xi}+

*TeESy
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Let yy := Zle x;and Y, =Y " | X;. To construct a permutation 7 € .#, contributing to the sum
in the right-hand side, we must map injectively y; of its first k values to indexes i € {1,...,n}
among the Y, ones with X; = 1 and the k — yy other to indexes i € {1,...,n} among the n—-Y,
ones with X; =0, so

Y, n-Y,\| (n—k)!
PXi=x1,..., Xk =Xk 1 Ep) = yk!(yk) : (k—yk)!(k_yk T
= (W)Y (n=Y) T en
Hence, for P:=P(X; =1|8&) =lim;;_o % a.s.,
P(Xy=x1,..., X =X | &) = PY(1—P)F %, k>1,
which means that given P, the X,,, n > 1, are i.i.d. Bernoulli(P) r.v. m

Exercise 2.7.16 (0-1laws). Let (Q, %, (%,),P) be afiltred probability space and %, := \V Zj,.
n=0

1. a) Show that for every X € LYQ,Z,P),

E[X|Fn] ——EIX|Fxl, as.andin L.

b) Deduce Lévy’s 0-1 law: for every A € F o,

P(A| %) — 14, a.s.

2. Let (X;)n>1 be asequence of i.i.d. real r.v.
a) Show Kolmogorov's 0-1 law: the tail o-algebra 9 :=(,,>, 0(X: k > n) is P-trivial:
VAeT, P(A)e€{0,1}.

Hint. Use Lévy’s 0-1 law.
b) Use Kolmogorov’s 0-1 law and Exercise 2.7.15.3 to reprove Hewitt-Savage’s 0-1 law: the ex-
changeable o-algebra & := o(f(X): f €S), where S := {f: RN — R symmetric}, is P-trivial.
Solution of Exercise 2.7.16.

1. a) The process X, :=E[X | &,], n > 0, defines a closed martingale, so X,, converges a.s. and
in L' (P) towards some r.v. X.. It remains to show that X, = E[X | %,]. The dominated
convergence theorem shows that {A € & : E[X1 4] = E[ X1 4]} is a monotone class contain-
ing the -system Uy>0 %, and thus also %, by the monotone class theorem. Because X,
is %,.-measurable, we conclude that X, = E[X | F].

b) In particular 1 4 € L' (Q, %,P) for every A € %, so by Question 1.a),

P(A1Fn) =E[la| Fnl ——Ellal Fol =14, as.

97


mailto:benjamin.dadoun@gmail.com?subject=A+few+exercises

A few exercises B. Dadoun

2. a) Let ¥, =0(Xy,...,X,), n>1. Then for every A€ 9, we have A € F#, and also A 1L %,
because A€ o(Xi: k > n+1). By Lévy’s 0-1 law (Question 1.b)),

P(A) =P(A|Z,) 14 a.s.,

n—oo

which means that P(A) € {0,1}.

b) Note first that, in the notation of Exercise 2.7.15, the distribution of X” for any 7 € .%# is
equal to that of X because the r.v. X,;, n > 1, are i.i.d. Next, Question 3 there also shows
that for every A € &, there exists B € 9 such that A= B up to a P-null set, and thus P(A) =
P(B) € {0,1} using Kolmogorov’s 0-1 law. Hence & is P-trivial. -

2.8 Markov chains

Exercise 2.8.1. Let p€(0,1), X1, X»,...i.i.d. Bernoulli(p) r.v., and S, := X +--- + X,,. Justify whether
each of the following processes is a Markov chain or not; if it is, give the corresponding state space E
and the transition matrix Q.

1. X;, n>0;

2. Sy, n=0;

3. T, =81+---+S5,,n >0

4. V= (Sp, Tp), n > 0.
Solution of Exercise 2.8.1.

1. Itis a Markov chain because by independence, the law of X;,;; given (X, ..., X;;) is Bernoulli(p).
We have E = {0,1} and Q(x, y) = (1 = p)1y=q; + pLiy=1;.

2. Tt is a Markov chain. The law of Sj,+1 given Sy, ..., Sy is (Q(Sp, ¥))yeg With E = Z, and Q(x, y) =
pPly=x+3+ (A —p)lix=y, X,y €E.
3. Itis not a Markov chain because

PX1=1,X0=X3=X4=0)
P(Ty=4113=3,T»=2,T1=1)= =
P(X1=1,Xo=X3=0)

)

whereas

PX;1=0,X=X3=1,X4=-1)
I]:D(T4:4|T3:3)T2:1)Tl:0): =0.
P(X;=0,X, = X3 = 1)

4. Itis a Markov chain. The law of V,,;; given Vy,Vy,...,V,, = (S, Ty,) is the law of (S, + X,41, T +
Sp+ Xns1), i.e, (Q(Vy, V))vep with E = 74 and

QX Y) = pliyositpmsirsyy + A= P ligg s, X:=(5,0,y:=(s,t) €E. -
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Exercise 2.8.2. Let p€(0,1) and (X},) ,>0 be a Markov chain on E := {a, b, ¢} with transition matrix

1. Draw its transition graph.
2. Compute the probability P(X,, =b| X, = a), n € N. Find its limit as n — co.
Solution of Exercise 2.8.2.

1.

1/2

1/2

2. We have P(X,, = b | Xy = a) = Qu(a,b), that is the element at position (1,2) (first row, second
column) in Q", which we can compute by reducing Q. But we may also observe that Q,, =
Q- Qy- for every n > 1 (that is just the Markov property at time 1). In particular, if we let
a,=P(X,=b|Xy=a)and b, .=P(X,, =b| Xy =b), then

apn=0-p)ay_1+pbp-,

1
by, = 5 an-1

(this can also be derived by reasoning on the transition graph). Thus (a,) >0 fulfills the linear,
homogeneous, second order, recurrence system

an—(l—p)an_l—gan-FO, nz2,
ap=0, a;=p.
This is easily solved to
(1—p+ \/1+p2)n—(1—p—\/1+p2)
21,/1+ p?

We find that a, — 0, which is not surprising by looking at the transition graph: the chain will
eventually reach the absorbing state c and stay there forever. n

n

an=p

Exercise 2.8.3. Let f: E — F be a function between countable sets, and let (X,),>o be a Markov
chain on E with transition matrix P.

1. Find a simple counterexample showing that Y}, := f(X;), n > 0, is not necessarily a Markov
chainon F.
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2. We suppose that whenever f(x) = f(y), then P(x, A) = P(y, A) for every A < E. Show that (Y;) ,>0
is a Markov chain; express its transition matrix using P and f.

Solution of Exercise 2.8.3.

1. Consider for instance the symmetric random walk: X, :== Y1 +---+Y,, n > 0, where Y1,Y>,...
are i.i.d. r.v. with P(Y; = 1) = P(Y; = —1) = 1/2. This is a Markov chain on E = Z with transition
matrix P(x, y) = (L{y=x+1y + L{y=x-1;)/2. Then (X,}) ,>0 is not a Markov chain on F = Z, because

P(Xs =01X; =0,X] =0) =P((Yz, Y3) # (1,1)) =3/4,
whereas
P(Xy =0]1X; =0,X{ =1)=P(Y3=-1)=1/2.
2. Define [y] := {x € E: f(x) = y}, y € F, and, thanks to the assumption on P, P(y,-) := P(x,-) for

any x € [y] (with the convention P(y,-) = 0 when [y] = @). Let yo,..., Vn, Yn+1 € F, and note
P=P(|Yy=Yn...,Yo=0). Then
PYn+1 = Yn+1) = Z P (Xn+1 = Xn+1 | Xn = Xp) P (X = xp)
Xn€lynl,

Xn+1€[Yn+1l

=P(yn [ynnl) ), P(Xp=xp)

Xn€lynl

= P(_Vn; [_Vn+1]),
0 (Y;) n>0 is @ Markov chain on F with transition matrix Q(y, y') := P(y, [y'].

Remark. In particular the assumption holds if f is injective; then (Y;),>0 is a Markov chain
on f(E) with transition matrix Q(y,y") := P(f 1 (), f~1(3)). n

Exercise 2.8.4. Let (U,),>1 be ii.d. uniform r.v. on (0,1) and X, an independent r.v. on E.

1. Let f: Ex(0,1) — E and define X,,41 := f (X}, Up+1), n > 0. Show that (X},) ;>0 is a Markov chain
on E. Express its transition matrix in terms of f and Uj.

2. Conversely, let P be a given transition matrix. Find a function f: E x (0,1) — E such that the
Markov chain (X,) ;>0 above has transition matrix P.

Solution of Exercise 2.8.4.

1. The law of X, given (Xo,..., X},) is the law of f(X,, Uy+1), so it is a Markov chain on E with
transition matrix P(x, y) :==P(f(x,U;) = y).

2. We fix {y1, y»,...} an enumeration of E and define, for every (x, u) € E x (0,1), f(x, u) := yx, where
k € N is the unique integer such that

k-1 k
Y Py <u<) Py
i=1 i=1

(Such an integer always exists because P is a transition matrix.) This indeed defines f: E x
(0,1) — Eso that P(f(x,U;) = y) = P(x,y) forevery x, y € E. n
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Exercise 2.8.5. Let E be a finite set of cardinal k > 2, and P be a transition matrix on E such that
a:=inf{P(x,y): x,y€ E} >0 (note thenthat0< a <1/2).

1. We fix y € E and set p,(x) := P,(x,y), x€ E.

a) Show that for every n > 0,

inf p,x = asupp, + (1 — @) inf p,,
sup pp+x < a inf p, + (1 —a)sup pj.
Hint. Usethat Y Pr(-,x)+ Y Pr(-,x)=1 for X:={x€ E: p,(x) =sup pn}.
xeX X€EE\X

b) Deduce that d,, := sup p,, —inf p,, converges to 0 as n — oo.

2. Conclude that there exists a probability distribution (p(y))yeg on E such that
VXEE) p(J/):nhm Pn(x;J/)

Solution of Exercise 2.8.5.

1. a) ForinfP=a,

Vx,y)€E?, Pyx,y) =) Px,2PEy)>a) Pxz=a

zeE z€E

(P is a transition matrix), we see that inf P, > @ and by immediate induction, infP, > «a

for all n € N. Also, note that X :={x € E: p,(x) = sup p,} # @ because E is finite. Then, for
every x' € E,

Prak(X) = pp(0)Pr(x’, x)

xeE

=suppn Y Prx, )+ Y pp(x)Pr(x,x)
xeX xeE\X

>suppy Y Pr(x',x)+infp, ) Pr(x',x)
xeX x€E\X

= (sup pp—infpp) ) Pr(x’,x)+infp,

xeX

> a(sup p, —infp,) +infp,,

which yields the first of the two desired inequalities. We proceed similarly for the second
(exchanging sup and inf).

b) Substracting both inequalities in 1.a), we find 0 < d,+x < (1 -2a)d,, n > 0. Thus, since
1-2a >0,

0 <limsupd, < (1-2a)limsupd,,

n—oo n—oo

and using that 1 —2a < 1, we deduce that d,, converges to 0 as n — co.
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2. Note that for every x’ € E,

Pri1(x) =) P, x) pp(x) <supp, ) P(x',x) =sup py,
x€E x€E
=1

so the nonnegative sequence (sup py),>o is non-increasing. It has therefore a limit p(y) € [0,1],
which by 1.b) is also the limit of (infp,),>¢. Since infp, < p, < sup p,, we have thus proved
that for every x, y € E, p,(x) = P,(x, y) converges to p(y) as n — oco. That (p(y))eg is indeed a
probability distribution follows by taking the limit in the finite sum

an(x,J/): 1)

yeE
for some x € E.

Conclusion. Any Markov chain (X,),>0 on a finite state space and whose transition matrix has
non-zero coefficients admits a limiting distribution which does not depend on the law of the initial
state Xj. "

Exercise 2.8.6. Let p,q€[0,1] and (X,),>0 be a Markov chain on E := {a, b} with graph

l-p l-q

1. For which values of p, q is (X,) n>0 irreducible? Give the state classification.
2. Give the transition matrix of (X,),>0 and find the invariant probability measures.
3. Determine explicitly the law of X, under P, for all n > 0.
4. Does (X;) >0 converge in law?
Solution of Exercise 2.8.6.

1. Clearly, the chain is irreducible if and only if p, g > 0. State a (resp. b) is transient if and only if
g=0and p >0 (resp. p=0and g > 0).

2. The transition matrix is

_[(1-P p)
Q'(q 1-q)

A distribution p on E is invariant (for Q) if and only if pQ = p, that is

p@+pb) =1,
p-p@—qg-ub)=0.

When p + g > 0, this determines p uniquely: u(a) = g/(p+ q) and u(b) = p/(p + q).
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3. Let p,, :=Pa(X;, =b) = Qu(a,b). Then py =0 and, since 1 — p,, =P,(X;, = a),

Pn+1 = (Qn-Q)(a,b) = Qu(a,a) Q(a,b) + Qu(ra,b) Q(b,b)
=1 =pa)p+pnl-q)
=(0-p=q)pu+p.
Hence p,=p1-1-p-9)")/(p+q),n>0if p+g>0,and p,=0if p+g=0.
4. If p+g=0,then X, = Xp forall n > 0. If 0 < p+ g < 2, then (X,,) ,>0 converges in distribution to
the unique invariant law (Question 2). If p = g =1, then X5, = Xy # X1 = X2,,41: unless Xj ~ Xj

(i.e Xo has already the uniform distribution on E), there cannot be convergence ((X;);>0 is
periodic)! n

Exercise 2.8.7. Let p€ [0,1], g := 1 - p, and (Yi)r>1 be a sequence of i.i.d. r.v. with P(Y; = 1) = p,
P(Y; = —1) = q. Define (X,,) ,>0 by Xo € Z, and

Xpi1:= (Xn+Yn+1)+, n=0,
where x* := max(x, 0).
1. Prove that (X,,),>0 is a Markov chain. Give its state space and transition graph.

2. Is (X)) n>o irreducible? Give the state classification. (Discuss according to p.)

Hint. Compare (X}) ;>0 to the random walk X, =Y1+-+Y,, n>0onZ
3. Determine all invariant measures of (X}),>¢. Is there some invariant law?

Solution of Exercise 2.8.7.

1. Since X, is given as a (measurable) function of X, and Y,,+1, where (Y,) ;>0 isi.i.d., the process
(Xn) n>o is @ Markov chain. It has values in E := Z, and transition matrix Q(x, y) :=P((x+ Y1) =

N =ply=x+y+qgly=x-1*, X, y€E.

q q q

2. Clearly, (X,) >0 is irreducible (that is, the above graph is strongly connected) if and only if p ¢
{0,1}. If p =0, then X,, = (Xo — n)™ so the state 0 is recurrent while all other states are transient.
If p =1, then X;, = Xy + n so all states are transient. For 0 < p < 1, that is when the chain is
irreducible, all states are of the same type as state 0 and we may suppose Xy = 0. Then X, =
X, - inf;<, X;, where by the law of large numbers, lim,,_. X, /n=E[Y;] = p — q, almost surely.
Thus, if g < p, then X, — oo a.s. and 0 is transient, and if p < g, then X,, = 0 infinitely often
a.s. and 0 is recurrent. In the last case p = g = 1/2, we can also conclude that 0 is recurrent: we
know that the symmetric random walk (X)) neny on Z fulfills liminf,, .o X;, = —oo a.s. (combine,
for instance, Exercise 2.4.12 and Exercise 2.7.11.5), thus X, = 0 infinitely often.
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3. Let p be a nontrivial measure on E with p(x) <ooforall x € E. Itis invariant for Q (i.e, uQ = p) if

and only if

q-(ulk+1)—pk) =p-(ulk)-pulk-1), k=1

This implies p < 1 (otherwise u = 0), and in this case (X},) ;>0 admits invariant measures which
are all of the form

{ q-uQ) = p-u),

k-1 i
u(k) = p(0) (1 -y (1 —g) (B) ) k>0,

i=0 q

Further, this can be normalized to a probability measure if and onlyif0< p < gq,i.e,0< p <1/2,
and the (unique) invariant law is then the geometric distribution with parameter 1 - p/q:

k
N E A

Remark. In particular the chain has no invariant law when 1/2 < p < 1, although it is irre-
ducible. The chain is null recurrent when p = 1/2. n

Exercise 2.8.8. Let (X,),>0 be a Markov chain on a finite or countable state space E, and u be a
probability distribution on E.

1. Show that if X}, converges in law to u as n — oo, then p is an invariant measure.

2. Show that if p is an invariant measure, then p(x) = 0 for all transient state x € E.

Solution of Exercise 2.8.8. We let Q denote the transition matrix of (X},) ,>o0.

1. Let uy, n > 0, be the law of X,,, so that u,(x) — u(x) as n — oo, for all x € E. For every n > 0 we

104

have p,+1 = u,Q, thatis
1 (X) = ) (N QW X),  x€E. (%)
yeE
By Fatou’s lemma p > uQ, but we can also apply it in “1 — u,+1 = g, (1 — Q)” to obtain the con-
verse inequality p < pQ. Hence p is an invariant measure.

Remark. We could also apply Portmanteau’s theorem since (x) is nothing else than E[Q (X}, )],
where Q(-, x) is a continuous bounded function on E.

. Suppose that p is an invariant probability measure. Then p = uQ,, for every n > 0, so

px) =Y p()Qn(y,x),  x€E.
yeE

If x is transient, then we know that Q,(y,x) — 0 as n — oo for all y € E, and the dominated
convergence theorem (or Fatou’s lemmal!) therefore yields p(x) = 0. "
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Exercise 2.8.9. Suppose that we shuffle a traditional deck of 52 cards in the following way: at each
time n € N, we choose two cards uniformly at random and exchange them.

1. Model this process by a Markov chain. (Give its state space and transition matrix.)

2. Show that this chain is irreducible and find its unique invariant distribution.

Solution of Exercise 2.8.9.

1. We can see this process as a Markov chain (X},) ;>0 on the state space E := Gs; of permutations
of {1,...,52}. The transition matrix is Q(o,0’) := ]l{UNU/}/(zz), where ¢ ~ ¢/ means that ¢'c ! is

one of the (%) transpositions in E.

2. Since the set of transpositions span the symmetric group, the chain is irreducible (eventually
the chain will move from any deck configuration to any other with positive probability). It has
therefore at most one invariant law. But we notice that Q is a symmetric matrix, so nonzero con-
stant measures are trivially reversible and in particular invariant. We conclude that the uniform
distribution on E is the unique invariant law.

Remark. The chain is irreducible, positive recurrent, but 2-periodic: it always moves from an even
permutation to an odd one and vice versa, i.e, sign(X,) = (—1)" sign(Xy), where sign: G5, — {—1,1} is
the signature morphism. However, if we allow at each step that the two uniformly chosen cards can
be equal, the chain becomes aperiodic (since then Q(o,0) > 0, for all o € E), and we then have the
convergence of X;, toward the uniform distribution as n — oo (whatever the law of X;, be). -

Exercise 2.8.10. Let (X,),>0 be a Markov chain on a finite or countable state space E. Recall that
H,:=inf{n > 1: X,, = x}, x € E, and, when x is recurrent, that

Hy-1

Y Lix,=p

n=0

vx(y) =Ly R yeE

(the mean number of visits of y before returning to x), defines an invariant measure.

1. We suppose in this question that (X},) ;>0 is the symmetric random walk on E = Z. Show that
vo = 1 (the mean number of visits of y € Z before returning to 0 is 1).

2. We suppose in this question that (X,),> is irreducible and positive recurrent. Show that for

every x,y € E,
Ex[Hyl

E,[H,]

vi(y) =

Solution of Exercise 2.8.10.

1. Recall that the symmetric random walk on Z is a recurrent Markov chain with transition matrix
Qx,y) = (Lyy=x-13 + L{y=x+1)) /2. Thus, v is an invariant measure (vQ = v) and therefore fulfills

vo(k) = = (volk—1) +vo(k+1)), kez,

N~
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that is to say,
vo(k+1) = vo(k) =vo(k) —vo(k—1), kez,

with v((0) = 1 (by definition of Hy). We get that vo(k) = 1+ kC, k € Z, for some constant C.
Since v is a positive measure, we must have C = 0. Hence v( = 1.

2. Since (X;) ;>0 is irreducible and positive recurrent, it admits a unique invariant probability mea-
sure given by

puy) = YEE,

Ey[H,]’

and any other invariant measure must be proportional to y. Consequently, for every x € E, there
exists C > 0 such that v, = C, and thus, for every y € E,

Ex[Hy] _ ©(y) _ vx(y) _
Ey[Hy]  px)  ve(x)

Vx(J/)y

as stated. -

Exercise 2.8.11. Let (X,),>0 be a Markov chain on a finite or countable state space E. Recall that
H,:=inf{n > 1: X,, = x}, x € E, and, when x is recurrent, that

Hy—1

Vi) =Ex| Y. Lix,=yy|, YE€EE
n=0

(the mean number of visits of y before returning to x), defines an invariant measure.

1. We suppose in this question that (X},) ;>0 is the symmetric random walk on E = Z. Show that
vo = 1 (the mean number of visits of y € Z before returning to 0 is 1).

2. We suppose in this question that (X}),> is irreducible and positive recurrent. Show that for
every x,y € E,
Ex[H]

E,[H,l’

Vx()’) =

Solution of Exercise 2.8.11.

1. The symmetric random walk on Z, with matrix Q(x, y) := (Ly=x-1; + Liy=x+1})/2, X,y € Z, is (as
we know) recurrent, so v is invariant (vy = v¢Q) and thus fulfills

vo(k) = (volk—1) +vo(k+1))/2, kez,
that is, vo(k+1) —vo(k) =vo(k) —vo(k—1), kez,

with vo(0) = 1 (by definition of Hy). We get that vo(k) = 1+ Ck, k € Z, for some constant C.
Since vy is a positive measure, we must have C = 0. Hence vo = 1.
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2. Being positive recurrent, (X;),>0 admits u(y) := 1/E,[H,], y € E, as unique stationary law, and
any other invariant measure differs by a multiplicative constant. Hence

E.[Hy] _ H(_V) _ Vx(y) :Vx(_V)’ x,yEE.
Ey[Hyl  p(x)  vi(x) -

Exercise 2.8.12. Let (X,),>0 be a Markov chain on E := Z with transition matrix

pi, ifjf=it+1or j-=i"+1,
QG,j)==K¢q;, ifjT=it-1lor j =i"-1,
0, otherwise,

where p; € (0,1), g; :=1—p;, forevery i € E.
1. Check that (X,,) ;>0 is irreducible. (Sketch the transition graph.)

2. We suppose that

) 1
limsup py < 3

| k|—o0
Show that (X},) >0 is (positive) recurrent.

Hint. Apply Foster-Lyapunov’s criterion.

Solution of Exercise 2.8.12.

1. Itis clear that Q|;—;(i, j) >Oforall i, j € E:
pP-1 Po Po P1
q-2 q-1 q1 qz
2. Let f(i):=1il, i € E. Note that, for i #0,

Y QU NF() =QU,i-1)i -1+ QUi+ Dli+1= f(i) + p; — qi. (%)

JEE

By assumption, there exists k > 0 such that, for every i ¢ F := {i € E: |i| < k} (which is a finite
subset of E), we have p; < 1/2, so () shows that Qf (i) < f(i), i.e, f: E — Ry is superharmonic
on E\ F. Since further {x € E: f(x) < M} is finite for every M > 0, we conclude by Foster’s crite-
rion that (X},) ;> is recurrent.

Remark. Even better, the assumption says that sup;» p; < 1/2 for k large enough, so we have ¢ > 0,
f: E— Ry, and F c E finite (as before) such that, thanks to (%),

() Vie E\E, Qf ()< f()-& (i) VieE Qf(i) <oo.
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By another criterion of Foster, the irreducible chain (X;),>0 is positive recurrent. Indeed, for Hr :=
infiln>1: X, € F}, Y, := f(Xp)1g,5n), n 20, and i ¢ F, we have

EilYns1 1 Xo,.. . Xpl SQfF X)) Lo S Y —eligsn

(using {HFr > n + 1} < {HF > n} for the first inequality, and (i) for the second). Since E;[Y},] > 0, it follows
by taking expectations above that P;(Hr > n), n > 0, is summable; more precisely E;[Hr] < E;[Ypl/e =
f(i)/e. Now for i € F, the Markov property at first step yields

Ei[Hp) =1+E;[(HroO)1ixer] < 1+Qf(i)/e,

which is bounded, by (ii) and finiteness of F. The positive recurrence follows. n

Exercise 2.8.13. Let (X;),>0 be an irreducible Markov chain on E. We suppose that there exist a
finite subset F < E and a function f: E — R such that

(i) VxeF f(x)>0; (i) infyep f(x)=0; (i) Vxe E\FE E [f(X7)] < f(x).
Show that (X},) ;> is transient.

Hint. Introduce the hitting time Tr :=inf{n > 0: X, € F}...

Solution of Exercise 2.8.13. By (ii), f isnonnegative. By (i) and finiteness of F, we have a := infycp f(x) >
0. Fix x € E arbitrary. By (iii), we also know that the process Y, := f(X,a1:), n > 0, is a nonnegative
P.-supermartingale (constant if x € F); in particular,

Vn=0, Ei[Y,] <ExlYo]=f(x).
Now, suppose that (X) ;>0 is recurrent. In this case P, (Tr < co) = 1, X1, € F, and thus

Fatou’s lemma then yields f(x) > «, for any x € E. Since this contradicts (ii), we conclude that (X}) ;>0
must be transient. [

Exercise 2.8.14. Let Q be a symmetric, irreducible, aperiodic transition matrix on E, and u be a
probability measure on E such that p(x) > 0 for all x € E. We set

P(x,y) =Q(x,y) min(l,%), for x#y€E.

1. Check that P extends to a transition matrix which is also irreducible and aperiodic.
We consider a Markov chain (X,,) ;>0 on E with transition matrix P.
2. Show that p is an invariant measure for P, and that (X},) ;>0 is positive recurrent.

3. Let Uy, n €N, be a r.v. independent of (X) x>0, with P(U, = i) = 1/n,0 < i < n. Show that for
every x € E,

¥ [P(Xy, =9~ )

n—oo
xeE
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Solution of Exercise 2.8.14.

1. Because Q is a transition matrix we have }_ y2x P, ) <1 for all x € E, so P extends to a transi-
tion matrix by setting P(x, x) appropriately. Further, since p(x) > 0 for every x € E, we can see
that

{n>20:Qulx,y)>0c{n>0: Py(x,y)>0}.  x,y€E.

Since Q is irreducible and aperiodic, so is P.

2. We check that u is reversible for P: for x # y € E, using that Q is symmetric,

p(x) P(x,y) = Q(x, ) min(u(x), () = p(y) P(y, x)

It follows that p is an invariant measure for P. Since P is irreducible, p is the unique stationary
distribution and (X},) ;>0 is positive recurrent.

3. On the one hand, since (X,),>0 is an irreducible, recurrent and aperiodic Markov chain with
invariant probability measure u, we have the convergence to equilibrium:

0.

an= ) |P(X; =x) - pux)|

n—oo
x€E

On the other hand, by independence between U, and (Xi) k>0,

1 n-1
by (x) :=P(Xy, = x) = - Y P(Xg =), neN.
k=0

Therefore
1 n-1
Y Py, =) —p@)]| < =) Y |PXk = x) — p)] (A-inequality)
x€E N xeEk=0
1 n-1
=—) a (Fubini)
n =0
— 0. (Cesaro)
n—oo

Remark. Without assumption of aperiodicity, we still have b, (x) w(x) for every x € E:

indeed, by positive recurrence, e
1 n-1
Ek;o]l{Xk:x} ;:;u(x), a.s.,
and the dominated convergence theorem allows us to take the expectations. n

Exercise 2.8.15. We consider the simple random walks of the knight and the king on a classical
chessboard, E :={a,...,h} x {1,...,8}. Authorized moves are recalled below.
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N WA~ oo N

1. Starting in a8, what is the expected time for the king to return to a8? In the meantime, how many
visits in the four squares {d4,e4, e5,d5} will he have performed?

Hint. Use Exercise 2.8.11.2.

2. At which frequency does the knight visit square g6, as time tends to infinity?

Solution of Exercise 2.8.15. 1t is plain that both random walks are irreducible. Since the state space
is finite, they are positive recurrent. Further, the (unique) invariant distribution of a simple random
walk on a finite graph is reversible; in our setting, it is given by

I () = card A, YeE
[Ex[Hx] —H - Z cardAy’ ’
yeE

where the card A, giving the number of squares accessible in a single move from y € E by the king
(respectively, the knight), are recorded below.

8135555553 812134444 /|3|2
7/5(8|8/8[8[8[8|5 7/3/4|6|6|6|6|4)|3
65(8|8,8[8[8]8|5 614|688 |8|8|6|4
5/5(8|8/8[8[8[8|5 5/4(6|8|8|8|8|6|4
415|/8(8[8|8|8|8|5 4141688 |8|8|6|4
3/5(8(8/8(8[8[8|5 3/14(6|8|8|8|86|4
215|18(8[8[8|8|8|5 2|13|4|6|6|6|6]4]|3
113[5|5|5|5|5[5]3 1123|4444 |3]|2

a b c¢c d e f g h a b c¢c d e f g h

(a) Accessible squares for the king. (b) Accessible squares for the knight.

1. For the king, using the table (a) we find p(a8) = 3/420 = 1/140. The king thus returns to its
starting point in E;g[H,g] = 1/u(a8) = 140 time units on average. Using the notations of Exer-
cise 2.8.11, the average time spent on the four central squares between two visits of a8 is

Va5 (144, e, e5,d5)) = —— (u(d4) + pa(ed) + p(e5) + (d5))—140(ix4)—g
a8 ) €4, €9, _,u(a8) 4 e (e u = 105 =3
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2. For the knight, using the table (b) we find u(g6) = 6/336 = 1/56. By the ergodic theorem, this is
also the a.s. asymptotic frequency of visits to g6. n

Exercise 2.8.16. Let (X,),>0 be a Markov chain on a finite state space E, with transition matrix Q.
We call a state x € E absorbing, and we write x € A, if Q(x,x) = 1. We suppose r :=4A > 1 and A
accessible: Vx € E, AneN, Q" (x, A) > 0.

1. Is (X;) n>o irreducible?

2. Let I, denote the r x r identity matrix. Check that we may write Q in the form
0 P\ T
=ol1 |

a) Show thatforalli,j¢ A, P"(i, j) <P;(Ha> n).
b) Show that there exists M > 1 such that

3. Let Hy:=inf{n > 0: X,, € A}

p:=sup P;(Hs>M)<1.
igA

Hint. You can take M := sup;, , m;, where m; :=inf{n > 0: P;(X,, € A) > 0}.

c) Deduce that P;(Hq =o00) =0and P"(i,j) — 0 forall i, j ¢ A.
Hint. Check that sup;,4 P;(Ha > Mn) < p”" (use the Markov property).

4. Let s:=4E —r. Show that I — P is invertible and that, for F := (I, — P)"!,

o (O FT
nl—IBOQ B 0 Ir

Hint. Prove that 1 is not an eigenvalue of P.

5. a) Checkthatforalli,j¢ A,
F(i,j)=E; [ i ]l{Xn=j}]-
b) Show that ngAF(i,j) =[E;[Hy] foralli¢ A.
c) Showthat FT(i,j) =P;(Xg, =j) foralli¢ Aand j € A.
Solution of Exercise 2.8.16.
1. No (unless r =E =1): from i € A, no other state j # i is accessible.

2. We order the absorbing states, so that Q is triangular by blocks with the bottom-right block I, =
Q,axa corresponding to the transition probabilities of the absorbing states.
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3. a) Since (X;),>0 cannot escape A and j ¢ A, {X,, = j} € {X,, ¢ A} = {Ha > n}, so P"(i, j) <
Pi(Xn=]j)<P;(Hs>n).

b) With M as given, the chain can reach A from any state i ¢ A in at most M steps. Indeed:
Pi(Ha< M) 2 P;(Hp < mj) 2 Pi(Xy, € A) > 0.

Because E'\ A s finite, it follows that p < 1.
c) Letn>2andi¢ A. By the Markov property at time M,

Pi(Ha>Mn)=P;(Xpn ¢ A
=E;[Pi(Xm ¢ A Xp+n-ym € Al Fap]
=Ei[LxyeaPxy Xon—ym € A
< pPi(Ha>M(n-1)).

Hence P;(Hy > Mn) < p" for all i ¢ A. Letting n — oo, we get °;(H4 = co) = 0 and also,
by Question 1, P"(i, j) — 0 for all j ¢ A.

4. Let x € R® with Px = x. Then x = P"x — 0 as n — oo, by Question 3.c). Hence 1 is not an
eigenvalue of P, i.e, I — P is invertible. The stated limit for Q" then follows from the facts that
F=(-P)!= Y52 o P" and (by immediate induction on n)

n_( p" | (IS+P+---+P”‘1)T)
0 | I, ‘

5. a) Foralli,j¢ A, we have by Fubini-Tonelli’s theorem,
(0,0 (o) o0
F(i,)=) P"i,))=) PiXa=7)=E|) ]l{xn=j}]-
n=0 n=0 n=0
b) Foralli¢ A,

Y FG,N=) Y PiXp=j)=) Pi(X,¢ A=) Pi(Ha>n)=E[Hyl
JjEA n=0j¢A n=0 n=0

c) Letie Aand j ¢ A. We see from the simple Markov property at time n > 0 that

Pi(Ha=n+1,Xu1= ) =PiXp ¢ A Xp1 =) = ) PiXy = O Pr(X1 = ).
ke A

Therefore FT (i, j) equals
Y F,kTk, =) > Pi(Xy=kPr(Xi=))
k¢ A n=0k¢A

(o0}
=) Pi(Ha=n+1,X,1=))

n=0

=P;(Xn, = J). =
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Exercise 2.8.17. Consider the Markov chain on E := {1, 2, 3,4, 5,6} with transition matrix;

0 1 0 0 0 O
04 06 0 0 0 O
103 0 04 02 01 0
Q:= 0 0 0 03 07 O
0 0 0 05 0 05
0 0 0 08 0 0.2

1. Draw the transition graph.
2. Give the recurrence/transience classes.

3. Compute P3(X}, € {4,5, 6} eventually).
Hint. Use the Markov property.

Solution of Exercise 2.8.17.

1. The transition graph is

0.6

(Vs
0.4

2. We easily see that the recurrence classes are {1,2} and {4, 5, 6}, and that 3 is transient.

3. We have P3(X,, € {4,5,6} eventually) = 1 —P3(X,, = 1 eventually) and, by the Markov property at

time 1,
p :=P3(X, =1 eventually) = P3(X; = 1) + P3(X; = 3, X;, = 1 eventually)
=0.3+E3[1(x,=3;Px, (Xn =1 eventually)]
=0.34+0.4p,
which solves to p = % =0.5. Hence P3(X, € {4,5,6} eventually) =1 - p =0.5. =

Exercise 2.8.18. Let (Y}),>0 be the symmetric random walk on Z, that is Y, = Y + Z;’Zl ¢i,n>0,
with &, i > 1, i.i.d. uniform +1 r.v. independent of Y, e L!. Let H_; :=inf{n >0: Y;, = —1}.
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1. LetkeZ,.

a)
b)

C)

d)

What is Py(H_1 = 2k)?
Compute Po(Yar41 = —1).
Hint. Under Py, {Y2r+1 = —1} means that exactly k of the ¢y, ...,¢2x+1 equal +1...

Let (x;) € {£1}?*1 with x; + -+ + Xpx,1 = —1. Check that there is one and only one 1 < r <
2k + 1 such that, if we set X := (X;41,..., X2k+1, X1,..., Xr), then

j
Vj<2k, ) %>0.
i=1

Suggestion. Do a drawing.
Deduce that Po(H_1 =2k +1) = ﬁ Po(Yors1 = —1).

2. Give an equivalent of Py(H-; =2k +1) as k — oo.

Hint. Use Stirling’s formula.

3. Conclude that Eq[H_;] = co.

Solution of Exercise 2.8.18.

1. a)
b)

C)

114

From 0, the chain can only reach even states at even times, so Py(H-; = 2k) = 0.

Under Py, {Y2¢+1 = —1} means that among ¢, ...,¢k+1, €xactly k variables equal +1, while
the k+ 1 other equal —1. It follows that Py (Y21 = —1) is the probability of k successes of a
Binomial(2k + 1, %) I.V., SO

2k+1
Po(Yor+1=—-1D = 2_(2k+1)( k )

Let r € {1,...,2k + 1} be the first index realizing the minimum in the sequence of partial
sums of x; + -+ + Xop41:

0 r 0

It is clear from the figure that the 2k first partial sums of (x,1,..., X2k+1, X1, ..., X;) are all
nonnegative. Consider now any other shift (xj11,..., Xok+1, X1,...,X;) of x. If j <r, then
Xj41+-+-+ X, <0 by definition of r as being the first index realizing the minimum. If j > r,
i_r416i <0ODbecause Z{zl & > Z;Zl ¢i. Inany case,
at least one partial sum is negative, which proves the uniqueness of r as above.

then Xj 1+ +Xpps1 +X1 -+ %, = —1-%7
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d) Let x € {+1}?**! and X as above. The family (¢;);>1 is i.i.d., so

Po(1,...r¢2k+1) = X) =Po((1,..., E2k41) = X).

Summing over all possible x, we obtain Py (Y254, = —1) for the left-hand side. For the right-
hand side, we note that in the union U,{(¢1,...,&k+1) = X} = {H_1 = 2k + 1}, each event is
repeated exactly (2k + 1) times, so we get (2k + 1) Po(H-1 = 2k + 1). Hence the result.

2. By Stirling’s formula,

Po(H-1 = 2k+1) =

2—(2k+”(2k+1) gkl oy p-ekeD (Z)FVark

2k+1 | k k+1 k2 ko (5P ank
e
that is .
Po(H_1=2k+1) ~ , — 00.
o 2kv/Tk
3. We deduce by comparison with a Riemann sum that
n
2
Y @k +1DPo(H- =2k +1) ~ 2Vn - s,
= NG
so Eg[H-1] = co. (Actually, the argument even shows that Ey[v/ H_;] = 00.) -

Exercise 2.8.19. Using Exercise 2.7.11.5, give a simple proof that every irreducible, centered, finite-
range random walk on Z is recurrent.

Solution of Exercise 2.8.19. Such a random walk can be written X, = Xo+ X", {;, n > 0, where the
variables ¢;, i > 1, are i.i.d., independent of Xy, with P(|¢;]| > 2K) =0 for some K > 0 (finite range) and
E[¢1] = 0 (centered). The process (X;),>0 is clearly a Markov chain with transition matrix Q(x,y) =
P, = y—x), x,y € Z, but it is also a martingale whose increments are independent and dominated
inL!, so we may apply Exercise 2.7.11.5 together with Kolmogorov’s 0-1 law. Then, either X,, converges
a.s. to some r.v. X, € Z or oscillates a.s. In the first case, the law of X, is an invariant probability
measure? for the irreducible Markov chain (X;,) n>0, which is then recurrent. In the second case, the
set {—-K,—K +1,...,K} is visited infinitely often a.s., which also entails by irreducibility that (X) >0 is
recurrent. -

4Indeed, passing the equality P(X,,4+1 = x) = E[P(X;+1 = x| X;;)] = E[Q(Xy, )] to the limit as n — oo yields (by domi-
nated convergence) p(x) := P(Xo = x) = E[Q(X0, x)] for all x € Z, thatis u = puQ.
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CHAPTER

COMBINATORICS OF INTEGER PARTITIONS

The following exercises are due to Jehanne Dousse.

3.1 Generating functionology
Exercise 3.1.1. List all partitions of 6.

Solution of Exercise 3.1.1. There are 11 partitions of 6:

6=106
=5+1 =3+1+1+1
= 442 = 2+2+2
=4+1+1 = 2+2+1+1
= 343 =2+1+1+1+1
=3+2+1 = 1+1+1+1+1+1.

Exercise 3.1.2.

1. List all partitions of 6 into even parts, and those in which each part occurs an even number of
times. What do you notice?

2. Explain why, for n odd,

p(n|even parts) = p(n | each part occurs an even number of times) = 0.

3. ShowthatforallneN,

p(n|even parts) = p(n | each part occurs an even number of times).
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Solution of Exercise 3.1.2.

1. We notice that there are 3 partitions of 6 into even parts (highlighted in green above), and also 3

partitions of 6 in which each part occurs an even number of times (highlighted in red).

. A partition with only even parts must sum to an even number. Likewise, a partition in which

each part occurs an even number of times must sum to an even number.

. Clearly, the map (2k; +--- +2k;) — (k; + k1) + - -- + (k, + k) forms a bijection between the set of

partitions of n into even parts and the set of partitions of n in which each part occurs an even
number of times.

Remark. The generating function for partitions into even parts is

1
1-g~’

Y p(nlevenparts)¢" = [| 1+q"+q¢*+--)=T]

n=0 k even k even

while the generating function for partitions in which each part occurs an even number of times
is

—18

Z p(n | each part occurs an even number of times) g" =
n=0

=~
Il

1

I
—18

=
I
—
—
|
{Q
N
tan

(They are the same!) ]

Exercise 3.1.3.

. What is the generating function for partitions into distinct parts equal to 2, 5 or 7?

. What is the generating function for partitions into parts equal to 2, 5 or 7, such that each part

occurs at most d times (d € N)?

. What is the generating function for partitions into parts equal to 2, 5 or 72

Solution of Exercise 3.1.3.

1. The generating function for the partitions of n into distinct parts equal to 2, 5 or 7 is

118

Z Q(n|parts=2,5,7)q" = Z q2i+5j+7k
n=0 i,j,ke(0,1}

1+g%) -1+ -1+q")
1+q*+q°+2q" +q° + g%+ q".
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2. The generating function for the partitions of n into distinct parts equal to 2, 5, or 7 and where
each part occurs at most d € N times is

Z p(n|parts = 2,5,7; each part occurs < d times) g"

n=0
NP R
1,1, k€10, ...}
=A+@+q"+ -+ 0+ + g0+ + DA+ g + g+ + g™
1-— qZ(d+l) 1-— q5(d+1) 1-— q7(d+1)

1-¢? 1-¢° 1-4°
3. The generating function for the partitions of n into parts equal to 2, 5, or 7 is

Z p(n | partS — 2,5, 7) ql’l — Z q2i+5j+7k

n>0 i,j,k=0
i>0 j=0 k=0
1 1 1

-2 1-¢° 1-47

Exercise 3.1.4. What generating function would you compute and what coefficient would you ex-
tract if you wanted to know the number of ways of changing a 100 CHF bill into coins of 1, 2 and 5
CHF and bills of 10 and 20 CHF?

Solution of Exercise 3.1.4. We want the coefficient in ¢!

of n into parts equal to 1,2,5,10, 20, that is

of the generating function for the partitions

100] 1 . 1 . 1 . 1 ' (=4111)
1-q 1-¢q? 1-¢°> 1-q° 1-¢*° =~ 7 n

lq

Exercise 3.1.5. What is the generating function for partitions into parts < 2k (k € N) where odd parts
cannot repeat?

Solution of Exercise 3.1.5.

oS 1+qA+g%---1+g*
(n | parts < 2k; odd parts cannot repeat) g" =
ng'op P P P T 1-g>A-g"--- Q- g%k
G
— 5 n

(G592

Exercise 3.1.6. Give the generating function for

(n2+4n+5)
n! ,120.
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Solution of Exercise 3.1.6.

Znz+4n+5qn_zn(n—l)+5n+5 "
n>0 n! n>0 n!
_ qn -2 qn
4 nX>:2( —2)! an>:1 n-1)! n;o n!
=(g*+5q+5)eY. n

Exercise 3.1.7.

1. Show that if f is the generating function for (a;,),>o, then % is the generating function for

(Zj—O aj)n}O-
(Z j) M
j=0 n=0

3. Show that if f is the generating function for (a,) >0, then f* is the generating function for

2. Give the generating function for

4. Recover the classical formula

Solution of Exercise 3.1.7.

1. Two methods. By applying the product formula:

n=0 n=0\k=0

1995 )5 ) £ [£ ).

or by inverting sums:

o) n oo o) 0o )(k (X)
i) po Bl B 22
k=0 k=0 n=k k=0 - -

0<k<n

2. We know that (1 - X)~! is the generating function for the sequence n — 1. Applying twice Ques-
tion 1, we deduce that (1 — X) 2 is the generating function for

n
n— Y l=n+l,
j=0
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and then that (1 - X)~3 is the generating function for
n n
n— Y (+=m+D+) j.
j=0 j=0

By difference, (1 - X33 -1-X"2=X1-X)3isthe generating function for

Remark. We can conclude with just one application of Question 1 to
X
— =X- ( ) Z an
(1-X) =0

3. Either by induction on k, or directly:

[e.°]

Z Z anl"'ank)Xn: Z Z (aannl)"'(anank)

n=0\ny+-+ng=n n=0 ny+--+ng=n

= (@n, X"™) -+ (@, X"

4. On the one hand,

On the other hand, using Question 3,

X & X nn+1)
I 2
n=0\ny+nx+nz=n n=0
%,—l

=(";%)
We conclude by identifying the terms in X".

Remark. We can also obtain (x) by derivation:

X 1 & n(n+1)
(1—X)3_X2(1 X) Z .

n:
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Exercise 3.1.8. Prove thatfor all n > 0,

2
imo\k n
Hint. Compute a well-chosen generating function.
Solution of Exercise 3.1.8. Fix n € N. Since ay. := (}) equals (") for 0 < k < n, we have

n (n 2 n
Z (k) = Z ai Ap—f-
k=0

k=0

By the product formula, this is the term in X" of the square of the series

k=0

Y axk=Y (Z)Xk =(1+X)"
k=0

(using that a; = 0 for k > n, and the Binomial theorem). Thus

n 2 2n

k=0 k=0
(by another use of the Binomial theorem).
Exercise 3.1.9. Let (a,),>0 be a sequence defined by ay =0 and foralln > 1,
ap=2a, 1+1.
What is the generating function for (a;) ,>0?

Solution of Exercise 3.1.9. The recurrence relation (x) gives

Y apX"=2XY ap1 X"+ ) X"
nz1 n=1 nz1

that is (since ag = 0)

X
A(X) =2XAX) + T x

Solving this equation in A(X) yields

X 1 1

A(X) = = - .
1-2X)1-X) 1-2X 1-X

(%)

Remark. Hence a, = [X"] A(X) = 2" —1. (This is obvious because (%) says that (a, + 1) =2(a,-1 +1)

foralln>1.)
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Exercise 3.1.10. Let (b,),>0 be a sequence defined by by =1 and foralln > 1,
b, =2b,_1+n-1. (%)
1. What is the generating function for (b;) ;>0?
2. Give an explicit formula for b,,.
Solution of Exercise 3.1.10.
1. The recurrence relation (x) gives

Y bpX"=2X Y by X"+ ) (n-DX",

n>1 n>1 nz=l1

that is (since by = 1)

B(X)-1=2XB(X)+

(1-X)2
Solving this equation in B(X) yields
X2 2 1
B(X) = + = - .
1-2X (1-X)2(1-2X) 1-2X (1-X)?
2. Hence b,, = [X"] B(X)=2""1—-n—1. -

Exercise 3.1.11. We saw that if f is the generating function for (a;),>¢, then f/(1 — X) is the gener-
ating function for (Z;?ZO a;) n>0.
Use this to prove that the Fibonacci numbers f;, satisfy, for all n > 0,

fot i+t +fu=fur2— 1L (%)

Solution of Exercise 3.1.11. Recall the generating function F for the Fibonacci numbers:

On the one hand, the generating function for (fo +---+ f)n>0 is

FX) X
1-X (1-X)(1-X-X2)

On the other hand, the generating function for (f;+2 — 1) ;>0 is

1 X
+ - X" == +1|F(X) - = ,
’go(fnﬂ fa=1 (X ) -1~ 0=
Since both generating functions are equal, this proves (x). n

123


mailto:benjamin.dadoun@gmail.com?subject=A+few+exercises

A few exercises B. Dadoun

Exercise 3.1.12. Let ¢, denote the number of compositions of z into k (nonzero) parts.
1. What is the (univariate) generating function for (¢, i) n>0?

2. Give an exact formula for ¢, ;. You may use the formula

n Xk
Xt ——.
né:o(k) 1 _X)k+l

Can you give a combinatorial interpretation?
3. What s the (bivariate) generating function for (¢, k) k>0?

4. Deduce an exact formula for ¢, the number of compositions of n. Can you give a combinatorial
interpretation?

Solution of Exercise 3.1.12.

1. Fix k. A composition of 7 into k parts is described by an ordered k-tuple of positive (nonzero)
integers (ny,...,ng) € NF such that nj +---+ ng = n. Thus, the combinatorial class %} of com-
positions of n into k parts corresponds to the k™ power of the combinatorial class A4 := N of
positive integers (with size function |n| := n for every n € A). The generating function for A4 is

NX)= ) xX"=Y X"=
ng/&/ Zl 1- X

Therefore, by the product principle, the generating function for € is

Xk

Cr(X)=N(X _—
(X)) = Xk (1X)k

2. Then .
Xk n n—1
X'"=C(X)= X — = X" = X",
’;06}1,16 k( ) (I—X)k Z (k—l) Z( k )

n=0 n=0
Identifying the terms in X" yields ¢, x = (7 e 1) One can interpret this combinatorially as the
number of ways to divide a sequence of n “balls” into k (non-empty) parts by placing k — 1
“separators” among n — 1 possible emplacements, e.g.

corresponds to the composition (3,1,2,3) of n =9 into k = 4 parts, placing the k-1 = 3 separa-
tors (in grey) at positions {3,4,6} among {1,...,n—1}.

3. The bivariate generating function for (¢, i) 5, k>0 is

CX, V)= Y e X"'Y=Y qxvF=Y
n,k=0 k=0 k=0

( XY )’C_ 1-X
1-X) 1-X-XY'
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4. In particular

1-
CX)=) cX"=C(X,1)= :
(X) néo n XD =1+

Thus ¢, = [X"] C(X) = 2" —2""1 = 2""1 (5 > 1). Combinatorially, we divide a sequence of n
“balls” by fixing a subset of {1,..., n— 1} corresponding to the emplacements of the “separators”.
]

Exercise 3.1.13.

1. Show that
Z p(n| k parts, parts = j mod m) q”zk =,
k=0 (2975 4™ oo
and

Z Q(n| k parts, parts = j mod m) qnzk = (—qu; 4o
n,k=>0

2. For n, k, m nonnegative integers, let a(n, k, m) denote the number of partions of z into k distinct
parts congruent to 2 mod 3 and m parts congruent to 1 mod 6, such that 2 is not a part. What is
the (triviariate) generating function for a, i ,,?

Solution of Exercise 3.1.13.
1. Parts congruent to j mod m are of the form j + rm, r > 0. Thus

Y p(n|kparts; parts = j mod m) "z = [ (1 +2q/*™ + 22g*U+"™ +...)
n,k=0 r=0

— H Z (qu+rm)k

r=0k>0
1

rsol—zqlqmm
_ 1
(2979’

and

Y Q(n| kparts; parts = j mod m) "z = [] (1 +z¢/*"™)
n,k=>0 r=0
= (-24'; ™o
2. Parts congruent to 2 mod 3, but not equal to 2, are of the form 5+ 3k, k > 0, and parts congruent
to 1 mod 6 are of the form 1 + 6k, k > 0. Thus

1 5+3k
Z a(n, k, m) q”zktm = H Llﬁk
1k, m=0 ko l—tq™"
_ (26% 4"
(tG;4% 0 "
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Exercise 3.1.14. Using generating functions, show that the number of partitions of n into parts
congruent to +1 mod 6 equals the number of partitions of n into distinct parts congruent to +1 mod 3.

Solution of Exercise 3.1.14. On the one hand,

1

Z p(n|parts = +1 mod 6) g"

= k'
nz0 k=+1mod 6 l1-¢g

On the other hand,

Y Qniparts=+1mod3)q" = [ (1+4g5.

n=0 k=+1mod3

But both products are equal:

ky _ ko 1-qg*
_]‘[ (1+q)__]"[ (1+q)-1_qk
k=+1mod3 k=+1mod 3
~ l_qzk
k=+1mod 3 1_qk

Exercise 3.1.15 (a bit challenging). Prove that the number of partitions of n such that each part
appears 2, 3 or 5 times equals the number of partitions of n into parts congruent to +2, +3, or 6
mod 12.

Solution of Exercise 3.1.15. On the one hand (using that 1+ x? + x> + x° = (1 + x*) (1 + x3)),

)" p(n|each part appears 2,3, or 5 times) ¢ = H A+ g% + ¢*F + ¢°%
n=0 k=1
=[la+¢*"Ha+q*.
k=1
On the other hand,
n 1
Y p(n|parts = +2,+3, or6 mod 12) " = H S
n=0 —+2+36mod12 1 =%
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3k (1- q2k)(]. _ q3k)

Again, both products are equal:
T+ a2+ g%
[[a+a™Ha+a™ o0 =,

=
—

k=1
00
= 1

k=1

- q4k)(1 _ qﬁk)
1-g?k) (1~ g3k
1
1—qg*

k=2mod 4
or
k=3 mod6

1

k=+2,43,6mod12 1 — 4

Exercise 3.1.16. Show thatforall n,k>1,
p(n|kparts)=p(n—-1| k-1 parts) + p(n— k| k parts).

Solution of Exercise 3.1.16. Recall the generating function for partitions (which you should know by

heart):
oo 1 1
(n| k parts) g"z* = = . )
n,kZ%p | k parts) q i:Hll—zq’ T
We first observe that
1 _z2q+(1-2zq)
G Do (24 Poo
-~ + L .
(20 Do (2G% Poo
Then, using (V) (substituting zq to z for the second term)
Y p(nlkparts) (zq)"z*

Y p(nlkparts)g"z"=zq Y p(n|kparts)q"z"
n,k=0 n,k=0 n,k=0
=) p(n |k parts) g"* 1 zF1 + > p(n| k parts) g"**z*.
n,k=>0

n,k=>0

Performing the changes of variables {n — n+1, k — k + 1} in the first sum and n — n + k in the second

sum finally leads to
Z p(n| k parts) q"zk = Z p(n—1| k-1 parts) q"zk + Z p(n— k| k parts) q”zk
n,k=>0

n,k=>0 n,k=>0

We conclude by identifying the coefficients in g"z*
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3.2 Ferrers diagrams and g-series identities
Exercise 3.2.1. Find the conjugates of the following partitions:

« 6+6+4+2,

e 343+2+1,

e 6+1.

Solution of Exercise 3.2.1. Given a partition A, its conjugate A’ is the partition whose Ferrers diagram
is obtained from that of A by exchanging rows and columns. Thus:

Ferrers diagram of 1; =6+6+4+2. Ferrers diagram of 1| =4+4+3+3+2+2.
Ferrers diagram of 1, =3+3+2+1. Ferrers diagram of A, =4 +3 +2.
Ferrers diagram of A3 =6+ 1. Ferrers diagram of A5 =2+1+1+1+1+1. m

Exercise 3.2.2. Use conjugation to show that for all n,
p(n | distinct parts) = p(n | parts of every size from 1 to the largest part).

For example, for n = 5, the partitions of the first type are 5, 4 + 1 and 3 + 2, and the partitions of the
second typeare1+1+1+1+1,2+1+1+1and2+2+1.

Solution of Exercise 3.2.2. Fix n > 0. By considering the Ferrers diagrams, we see that the map A — A/
induces a one-to-one correspondance between the set 2, of partitions of n into distinct parts and the
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set ., of partitions of n with parts of every size from 1 to the largest part. Indeed (denoting by F(A)
the Ferrers diagram of a partition A1),

A€, < no two rows of F(A) are equal
< no two columns of F(1') are equal
< A’ contains the parts 1, 2, and so on, up to the largest part
— 1 e%,

for every partition A of n. In particular |2,| = |.%,], i.e,

p(n | distinct parts) = p(n | parts of every size from 1 to the largest part). -

Exercise 3.2.3. Show that for all n, the number of partitions of n which have nothing under the
Durfee square equals the number of partitions of n such that consecutive parts differ by at least 2.

Solution of Exercise 3.2.3. We have seen a simple transformation / on the set of partitions which bi-
jectively maps self-conjugate partitions onto partitions into distinct odd parts (given A, take the suc-
cessive left-top hooks of its Ferrers diagram as the parts of #(A)). The map h also induces a bijection
between partitions of n which have nothing under the Durfee square and partitions of n such that
consecutive parts differ by at least 2. For instance,

Ferrers diagram of A =7+6+6+4

(note that the number of hooks equals the width of the Durfee square), is mapped to

Ferrers diagram of (1) =10+7+5+ 1.
Hence
p(n | nothing under the Durfee square) = p(n | consecutive parts differ by at least 2).

Remark. Another way to view this bijection is to transform the n x n Durfee square into a 2-staircase
of height n (indeed, n2=143+---+2n-1):

+
Ferrers diagram of a partition with Ferrers diagram of a partition where
nothing under the Durfee square. consecutive parts differ by at least 2. n
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Exercise 3.2.4. Using Ferrers diagrams, show that

2
1 Zn an Zn+l q

—= + .
Zq0Poo 7150\ (@ Dn(2q;D2n  (q;9)n (2G5 P2n+1

(n+1)2n+1)

Solution of Exercise 3.2.4. For every partition A, let n be the largest nonnegative integer such that its
Ferrers diagram F(A) contains the upper-left rectangle with size n x 2n (so no upper-left rectangle with
size (n+1) x2(n+1)). This allows us to partition the set of partitions w.r.t. this rectangle-parameter n.
(The case n = 0 includes the empty partition and the partition of 1.) Depending on whether it con-
tains the rectangle with size (n + 1) x (2n+ 1) or not, the Ferrers diagram of a partition with rectangle-
parameter n looks like

2n 2n+1
S
partition into
n g.f. ) ntl g.f. <I’l parts;
2z q2n partition into Zhtl q(n+l)(2n+l) of.
<n parts: or (G Pn
1
—_—— gf —
(@ Pn _—
partition into parts <2n: partition into parts <2n+1:
1 1
£ gf. ——
(zq;@)2n (zq; P2nn

(no box allowed in the grey area, as this would otherwise contradict the definition of ). By the union
and product principles, we conclude that the generating function (zq; )5 of (p(n | k parts)) , x>0
fulfills the stated identity. n

Exercise 3.2.5. Show that for every n € N,

1k -
Y (-1FQ(n-

k(3k + 1)) _ {(—1)1', ifn=j3j+D),jez,
kez

0, otherwise.

Hint. 'waioay) staquinu [euodejuad ay) as()

Solution of Exercise 3.2.5. Let us compute the generating function for the sequence

\
e

ap=Y (-D*Q

( k(3k+1))
n—————|,
kez

2
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Then (with the change of variable n — n + W),

k(3k+1)

Y ang"=Y Y (-D*Qm)q" >

n=0 keZ n>0

_ (Z (_1)qu(3§+l)) (Z Q(l’l) qn)

kezZ n=0

= (0P (-9 Qo

= (612; qz)oo

=Y i)
jez

= Z (-1)/ q]'(3j+1)’
Jjez

where we used Euler’s pentagonal numbers theorem twice (in the 3™ and 5% equalities). We conclude
by identifying the coefficient in g”. n

Exercise 3.2.6. Show that )
T gz - (4% G Voo
n=0 (q; qz)oo

Hint. fnuaprionpoid a[din s,1qode( asn

Solution of Exercise 3.2.6. Themap f: n€ Z— n(n+1)/2is two-to-one (we have f(-n—-1) = f(n),n >
0), so

Z qn(n+l)/2 — 1 Z qn(n+l)/2
2

n>=0 neZ
1
=5 L@ (=4 Moo (4 Doo
= (=¢; Doo (7% oo

(0597

(40’
where we applied Jacobi’s triple product identity (with z = 1) in the 2"¢ equality and Euler’s “odd
parts/distinct parts” theorem in the 4™ equality. m

Exercise 3.2.7. We will now use Euler’s Pentagonal numbers theorem to find the recurrence relation
for p(n) that was mentioned in class.

1. Show that

(Z (—l)kq’“‘gk*”’z) : ( > pn) q”) = 1.
kez n=0

2. Deduce that for every ne N,

B k(3k+ 1))

pm) =Y (—l)k_lp(n >

k>1
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3. Write p(10) as a sum of smaller values of p(n).

(This method, discovered by Leonhard Euler in the 18" century, is still the fastest way to compute p(n)
and is used in computing softwares such as Maple, Mathematica, etc.)

Solution of Exercise 3.2.7.

1. By Euler’s pentagonal numbers theorem,

(Z(_l)qu(3k+l)/2),(z p(n) q”l) — (q,q)oo - =1
kez n>0 (@5 D oo
2. Taking the coefficient in g” on both sides yields

> Dfpm = o

keZ, m>0 such that
k(31§+1) m=n

that is (isolating the term for k =0, i.e, m = n)

pm) =Y (- 1p

k>1

( k(Skil))
n——m—|.
2

3. For n =10, the formula gives p(10) = p(9) + p(8) — p(5) — p(3) (=42). n

Exercise 3.2.8. Prove the second g-analogue of Pascal’s triangle.

Solution of Exercise 3.2.8. Recall that [" ;m ] q is the generating function for the partitions whose Ferrers
diagrams fit into a rectangle of size n x m (partitions into at most n parts, which are all at most m).
They consist of two types: those who actually fit in the smaller rectangle n x (m — 1) (partitions into at

most n parts, all at most m—1), which are generated by [" +’: _1] 7 and those who do not (partitions into

at most n parts, all at most m, with at least one part m), generated by g [”;'_”1_ 1] q (decomposition as

the first row, which has size m, and the remaining which is a partition fitting in a rectangle with size
(n—1) x m). Thus

n+m n+m-1 m n+m—1]
= —+ q ,
n n n-1
q q
which is the second g-analogue of Pascal’s triangle.
Remark 1. The first g-analogue of Pascal’s triangle is
n+m n+m-1 alntm-—1
= +q .
n n-1 n
q
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If we exchange the roles of m and 7 in this formula and use that [**?] .= [“47] ,» then we recover the
second g-analogue.

Remark 2. 'We could also use the exact formula for the g-binomial coefficients: setting (a),, := (a; q)
for any a, we have

n+m n+m-1 (@D n+m (D n+m=1

, T D @Dm @D @D

n

(D n+m=—1 n+m m
= el (- -(1-
@y Q21D -0-d")
=q™m(1-g")
_ om|ntm-1
B n-—1 "

Exercise 3.2.9. Give an analytic proof of the g-binomial series

1 m,_m
= z q
(2q; @n méb

m

n+m—1]
q

Solution of Exercise 3.2.9. Call f,(q; z) the right-hand side, and proceed by induction over n. Clearly
filg;2) =1 -2zq)7! = (zq; q)l_1 (geometric series), so the identity is true for n = 1. Suppose it is true
for some n > 1. Then, using the first g-analogue of Pascal’s triangle

n+m n+m-1

n

n+m—1]

m m m-—1

q

we obtain

n+m-1 n

+4q

fan(@;2)= ) z’"qm(

m=0 m

n+m—1] )

m-—1

‘_q q
n+rm-1

Thus, by the induction hypothesis (and observing that the term in m = 0 of the last sum above is zero),

n+m
(g;2) = +zq™t Y Mg
Fun@ 2 = g T L |
1
= G +24™"" fur1(q; 2),
) n
which solves to
1 1 1
(q;2) = : = ’
fl’l+1 q l_ZqI’H-]. (Zq;q)n (Zq;Q)n+l
as expected. "
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Exercise 3.2.10. Show that for all integers m, n > 0,

> q’
j=0

n+m+1
m+1

m+j
m

Solution of Exercise 3.2.10. We use the second g-analogue of Pascal’s triangle:

qj m+j _ m+j+1 m+j
m m+1 m+1 q
Then (telescopic summation)
oo im+j noffm+j+1 m+ j
Zq] m :Z( m+1 m+1
j=0 qg J=0 q
_|m+n+1 m
B m+1 m+1 q
=0
_|m+n+1
| m+1 |
Iq

Exercise 3.2.11. Let

Prove that

Z H, (1) x" _ 1
0 (@ @n (X Poo (X Qoo

Solution of Exercise 3.2.11.  Using the exact formula

n
J

_ (q; Dn
(@D (@ Dn-j

q
the left-hand side is

no(xt)d X" (xp)" x"
n>o(j:0(q;q)j (q;q)n_j)_ n;o(q;q)n) (n;o(q;q)n)
= F(q;x1)-F(q;x),

where

n

y
F(q;y) = .
Ty n;)(c/;q)n
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Since (q; q),,! is the generating function for partitions into at most n parts, we see that F is the gener-
ating function for partitions of n into exactly n parts, where zero parts are allowed:

n
3 y =Yy p(nlkparts)q”yk“i
ngo(q’q)n n=0k=0 “zero parts”

n

n
= Z Z p(n|nparts > 0; k parts >0) g" y"

n>0k=0

= Z p(n|nparts >0)qg"y"

i

1-
1
(y; 9 oo

(for the second equality, observe that, by adding/removing zero parts, there is an easy bijection be-
tween the partitions of n into k (positive) parts and the partitions of n into n nonnegative parts of
which k are positive). We conclude that

5 Hy(1) x" _ 1
S0 @Dn (5 Poo (XG0 .

Exercise 3.2.12. Show that, if n is odd,

=0.

Y (pi|”
j=0 J

What happens if 7 is even?

Solution of Exercise 3.2.12. The left-hand side is H,(—1), where, by Exercise 3.2.11,
Hy(-1) 1 1

n _ n]

=[x =[x"] ———.
(@ Pn (X Qoo (=X oo (x% %) oo

Since the right-hand side is an even function in x, this proves that H, (-1) = 0 if n is odd. If however n
is even, n = 2p, then the right-hand side is the generating function (in the variable g?) for partitions
into exactly p parts, where parts 0 are allowed. By discarding the 0 parts, this is also the generating
function (in the variable qz) for partitions into at most p (positive) parts, i.e (q2 ; qz);,l. Then

(q; q)zp
(g @25, a*)p

Remark. The change of variable j — n — j also shows that

H,(-1) = = ;g% p=10-A—-q%--A-g" ).

n An n n
Hy(-1) = Y (D" /|| ==D"Y (D! | = D"Hu(-D.
j= J q j=0 J q

So indeed, if n is odd, then H,,(—1) = 0. -
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Exercise 3.2.13. Let n tend to infinity in the g-binomial series

1 Z qum

GHDn o m

n+m—1}
q

1. What do we obtain?
2. Give a combinatorial interpretation of the obtained formula.
Solution of Exercise 3.2.13.

1. As n — oo, the left-hand side tends to (zg; q);o1 (at least when |g| < 1 and |zg| < 1), while the
right-hand side tends to

qum
S0 (@ Dm
Indeed, for |g| < 1, we have seen that
. n+m-1 1
lim = .
n—00 m q (q; Dm

Moreover (using the inequalities 1 — || < [1—q| < 1+ql)

n+m-1 1+ m
vnen, |z7gm \‘ Llal)\™
m 1-1q]
so that, for |g| and |z| small enough, we have < 1 and thus
n+m-—1
lim limsup ) z"q™ = 0.
N—oco n—oo m>N m q
We conclude that
1 n+m-1 zMmg™m
- — lim = lim ) z"g™ = T
(2q; Qo0 "m0 (2q;q)n 1m0 53 m m>0 (@ D m

2. We can interpret this formula combinatorially as partitioning the set of integer partitions w.r.t.
their number m of parts: their Ferrers diagram are exactly determined by one first column
of height m, generated by z" g™, and the remaining which corresponds to a partition into at
most m parts, generated by (g; g),.. Thus:

1 qum

20 Doo 130 (@ Dm -

Exercise 3.2.14. Show that

Y -0"en+ g™ = (g )l

n=0
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Solution of Exercise 3.2.14.  Recall Jacobi’s triple product identity: for |g| < |z| < |q|‘1,

n nn+1) -1
Y "G 7 = (G Poo(~2G Poo (-2 oo
nez
Fix [g| < 1. In the annulus &/, == {z€ C: |q| < |z| < Iql_l}, the left-hand side is a converging Laurent
series, while the infinite product of the right-hand side converges locally uniformly, so we may differ-
entiate both sides with respect to z. Hence

_ n(n+l)
> nz"lq 2

nez

d -1
=(q4; Qoo iz [(—zq; Doo (=2 5 @0 |-
<

We naturally aim at evaluating this at z = —1 € «/;. On the one hand, the left-hand side at z = -1 is

nez n=0
(using the change of variable n — —n —1 in the sum over n < —1). On the other hand, writing
(=275 @)oo = (=271 q; @)oo (1+2z7 1) and observing that 1+z~! = 0 at z = —1, theright-hand side at z = —1
reduces to

G <1+1) = -@ae?

@ Do dz z)l=c1 T Do

We thus conclude that
Y D"+ D g 7 = (g9, .
n=0

3.3 Congruence identities

Exercise 3.3.1. Prove the second Ramanujan congruence: for every n > 0,
p(7n+5)=0 mod7.

Solution of Exercise 3.3.1. Recalling that, modulo 7, (a+ b)” = a’ + b’ for all integers a, b, we have

1 (@D _ (@D,
(mq" = = = ,
,;)p 9 (G Do  (GPL (G590
where by Exercise 3.2.14
2
n(n+1)

@S = ((G9d) =X ~D"en+1) g 2

n=0

Therefore, modulo 7,
Y pn+5q"™ = Y (~)H i+ D@j+)pak) gk
n=0 i,j,k>0s.t.

(EH+(3h+7k=5
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0 0j1(3|6|3|1]0
1 2141014211
2 612643
3 52|06
4 6143
5 211
6 0

— Table of (i;1)+(j;1) mod7. —

The following table shows that, for #,j > 0 to fulfill (‘3') + (/') = 5 mod 7, both i and j must be
congruent to 3 mod 7:
Butif i, j =3 mod 7, then2i+1,2j+ 1 =0mod 7, so the right-hand side above is 0. We conclude that
for every n >0,

p(7n+5)=0 mod7. -

Exercise 3.3.2. For k > 2, the number of partitions of n into parts not divisible by k equals the
number of partitions of n where each part occurs at most k — 1 times. Prove this:

1. analytically,
2. bijectively.
Solution of Exercise 3.3.2.

1. The generating function for partitions of 7 into parts not divisible by k is, setting Ry := {n €
N: n not divisible by k},

R‘

[

I’ZERk 1 q

Jits
and the one for partitions of n where each part occurs at most k — 1 times is
00 00 1 —( n)k
H(l"‘qn"" (k Dy — H 6/ .
n=1 n=1
They are indeed the same.
2. Given a partition where each part occurs at most k — 1 times, divide any part m divisible by k
into k parts each equal to m/k, and repeat until there is no more part multiple of k. Conversely,
given a partition into parts not divisible by k, merge any sequence of k same parts equal to m

into one single part equal to km, and repeat unti there is no more part occurring at least k times.
For example, for k = 3, the partition 18 + 6 + 4 + 4 becomes

(18,6,4%) — (6%,4%) — (6°,4%,2%) — (6%,4%,25 — (6,4,2°%) — (42,212,
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and conversely

(42,21%) — (6,42,2%) — (62,4%,2%) — (6°,4%,23%) — (18,4%,2%) — (18,6,4%). .

Exercise 3.3.3 (Lemma for Schur’s theorem). Let 7,,(n) count the number of partitions A := 1; +
---+ A of n such that

4, if A; divisible by 3,
AM<m and, foralll<i<s, A;j—Aj41 > B “{181 e by (Cwm)
3, otherwise.

Then we have the relations
(1) m3m+1(n) =735 (N) + A3—2(n—3m—1),
(i) 73m+2(n) = T3m+1(N) + M3m-1(n—3m—2),
(iil) 73m+3(n) = M3m+2(N) +W3-1(n—3m—3).

Prove (ii) and (iii).

Solution of Exercise 3.3.3.

Let A be a partition of n satisfying (Cs,4+2). If A} =3m+2, then 1, <3m—1, and thus A = (3m+2) +A
where 1 is a partition of n —3m — 2 satisfying (Cs,,—1). If otherwise A; < 3m + 1, then A is in fact a
partition of n satisfying (Cs,+1). Since both cases are exhaustive and disjoint, we deduce that

3m+2(N) = 3m—1(n—3m—2) + 73m+1(n),
which is (ii).
Let now A be a partition of n satisfying (Cs;,+3). If A1 =3m+3, then A, <3m -1, and thus 1 =

(3m +3) + A where 1 is a partition of n — 3m — 3 satisfying (Cs;,+1). If otherwise 1; < 3m +2, then A is
in fact a partition of n satisfying (Cs,,+2). Again, both cases are exhaustive and disjoint, so

3m+3(n) = n3m-1(n—3m—3) + w3m42(n),
which is (iii). =

Exercise 3.3.4. Let (a,) >0 be a sequence such that lim a, exists. Prove Abel’s lemma:
n—o0

lim (1 -x) Z a,x" = lim a,.
x—1" n>0 e
=

Solution of Exercise 3.3.4. We may suppose without loss of generality that a, > 0 (the real/complex
case will follow by considering positive/real and negative/imaginary parts). On the one hand,

VN €N, 1-x Y arx* <NQ-x)supay 0.

k<N k<N x—1"
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On the other hand,

VNEeN, 1-x) Y ax*<1-x|[supar|y xF=x"sup a,
k=N k=N k=N k=N

and also

1-x) Y apx*>x" inf a.
S k>N

Putting the two pieces together, we obtain the chain of inequalities

limsup (1-x) ) a,x" <limsupa,

x—1- n=0 n—oo
V/
. . n . .
liminf (1-x) )_ a,x" >liminfa,,.
x—1- >0 n—oo
=z

Now, if £ :=lim,,_., a, exists, then all members of the above display are equal to ¢. This proves Abel’s
lemma. m

Exercise 3.3.5 (Reverse bijection for Schur’s theorem).

1. Show that the transformation from P; to P4 in Schur’s theorem is equivalent to the following

140

process: As long as there exists some number that is not at least 3 greater than the number be-
low, subtract 3 from this number, add 3 to the number below, and exchange these two numbers.

Example:
11 21 21
18

Show that the following process is the reverse bijection of the above: Start by splitting parts of Py
that are multiple of 3 into pairs of parts differing by 1 or 2. Example:

21 11+10
_ 9 5+4
2 2

We obtain a partition P; with no multiples of 3. Now as long as the smallest part of some pair
is less than 3 greater than the part below, subtract 3 from the largest part of the pair, add 3 to
the part below, and switch their positions. This process ends with a partition into parts that are
not multiples of 3, where parts differing by at most two are paired up, starting from the smallest
part. Example:

11+10 11+10 11 11
,  5+4 8 10+8 18
Py = 5 442 5 "5 = P
2 2 2+1 3
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Solution of Exercise 3.3.5.

1. Let P} :=[p1;---; pm] be the result of the stated process (applied to P;). Writing o'(k), 1 < k < m,
for the position in P] of the part corresponding to the k™ row ry of Py, the table P} is thus given
by

Poto =Tk +3(k—0o(k) =rr—3(m—-k)+3(m-o(k), 1<k<m,
where p; > p2 > --- > pm, and consecutive rows differ by at least 3. In particular o (k) is also the
position of the row corresponding to ry after subtracting the 3-staircase [3(m —1);---;3;0] to P,
and rearranging the table in descending order. We thus see that P| consists in subtracting the
3-staircase to P, reordering, and adding back the 3-staircase, i.e, P; = P4 as described in Schur’s
theorem.

2. Let P} be the result of the second process (applied to P}). The transformations occurring in the
process P; — P/ are of the form [a+ b; c] — [c+3; b+ (a—3)], where a+ b =0mod 3 (witha-be
{1,2})),c=+1mod3,and b—c<2.Sincex:=c+3=c=+1mod3and y:=b+(a-3)=a+b=0
mod 3, with (c+3)—-(b+a—-3)=6+c—(a+b) <2 (because a > b+1>2and b—c < 2), the
pair [x; y] is reverted back to [y + 3; x — 3] = [a + b; c] by the first process.

Conversely, recall that P; originates from a partition into distinct parts which are +1 mod 3, by
merging pairs of parts differing by at most 2 (necessarily into a multiple of 3), starting from the
lowest part. Thus, if [x;y] are two consecutive rows in P; differing by at most 2, then x = +1
mod 3 and y = 0 mod 3. Since y results from the merging of two parts a,b < x with a,-b = +1
mod 3 and a—b € {1, 2}, the pair [x; y] is transformed into [(b+3) + a; x—3] where (b+3)—a € {1,2}
and a— (x —3) < 2 (since x > a and x, a are distinct). These are the conditions for the second
process to revert this pair back to [x—3+3;(b+3) +a—-3] = [x; yI.

Remark. We have thus a bijection P — P, from the set € of partitions into distinct parts con-
gruent to =1 mod 3 and the set 2 of partitions where parts differ by at least 3 and no consecutive
multiples of 3 appear. If this bijection preserves the size, it does however not strictly preserve
the number of parts. It will do if parts divisible by 3 are counted fwice: indeed,

#parts(P) = #parts(Py) + #parts-divisible-by-3(Py).

(An analytic argument for this refinement is given in Exercise 3.3.6.) n

Exercise 3.3.6 (Refinement of Schur’s theorem, Gleissberg). The goal of this exercise is to prove
the following refinement of Schur’s theorem due to Gleissberg. Let C(m, n) denote the number of
partitions if n into m distinct parts congruent to 1 or 2 mod 3. Let D(m, n) denote the number of
partitions of n into m parts (counting parts divisible by 3 twice), where parts differ by at least 3 and no
two consecutive multiples of 3 appear. Then for all m, n > 0, C(m, n) = D(m, n).

1. Let my(m, n) denote the number of partitions counted by D(m, n) such that the largest part does
not exceed ¢. Prove that for all ¢, m, n positive integers,

nt3e+1(m, n) =m3p(m, n) + w3¢2(m—1,n-30-1),
M3p+2(m, n) =3p41 (M, ) + 301 (M—1,n-30-2),

T30+3(M, n) = W3¢42(mM, n) + w301 (M —2,n—3¢ -3).
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2. Define, for |g| <1, [t| <1,

ar(t,q):= Y me(m,n)t"q"

m,n=>0
Whatis limy_, as(t,q)?
Prove that
. Show that
asers(t, @) = AU+ 10 + 13D age(t, ) + P> P (1= °7) age_s (1, ).
. What are the initial values a_,(tq>, q), ax(tq°, q), as(t, q), as(t, q)? Verify that

as(t,q)=(1+tq)A+tg*) a_,(tq>, q),
and

ag(t,q) = (1+tq)(1+ tg*) ax(tq°, q).

. Deduce that for all ¢ > 0,

azr+3(t, @) = (1 +tq)(1+ tq?) ase-1(t4°, ).

7. Conclude by finding lim,_.., as(¢, q).

Solution of Exercise 3.3.6 (after G. E. Andrews, On a theorem of Schur and Gleissberg, Arch. Math.
(Basel) 22 (1971), 165-167; MR: 0286767 ).

1. Let A:=A; +- -+ As be a partition of n with m counted partsand Ay <3¢+ 1.If A, =3¢ +1, then
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A= (3¢ +1) + A where A= A2 + -+ A is a partition of n —3¢ — 1 with m — 1 counted parts and
A1 = Ap < 3¢ -2. If otherwise 1; < 34, then A is in fact a partition of n with m counted parts
whose largest part does not exceed 3¢. As both cases are exhaustive and disjoint, we deduce the
first identity

nt3e+1(m, n) =m3p(m, n) + w3¢2(m—1,n-30-1). 3.1

The two other identities

T3042(m, n) = w3¢41(m, n) +m3p0_1(Mm—1,n-3¢0-2), (3.2)
n3[+3(m) n) = 77:3[.;.2(77’1, I’l) + ”3[—l(m - 2) n-3¢0— 3)) (33)

are obtained similarly. (Beware of the 2 in (3.3), as multiples of 3 are counted fwice.)
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2. By definition, D(m, n) =lim{ n,(m, n). Since for every t,q > 0and K € N,

{—o00
n(t,q)= ) Dmmt"q" > ) mmnt"q" > Y mmnt"q",
m,n=>0 m,n=>0 K>m,n>0

we obtain

n(t,q) > limsup a,(t,q) > liminf as(t,q) > Y. D(m,n)t™g™.
l—o0 {—o0 K=>mn>0

As this is true for all K € N, it easily follows that glim ae(t,q)=n(t,q).
—00

3. Multiplying (3.1), (3.2), (3.3) by t"*q" and summing over all m, n > 0, we obtain

asps1(t, q) = aze(t, @)+ tg> L aso_o(t, @), (a)
a3042(t,q) = ases1 (6, @)+ tq> 2 aze_1 (1, @), (b)
aze43(t, @) = asp2(t, @) + 2G> age_1 (8, q). (c)
Rewrite (b) and (c) as
ase41 (8, q) = asesa(t, @) — tq> 2 age_1 (1, @), (b))
asg—2(t, q) = as¢—1 (t,q) = 14> " ase_4(t, ), (b})
as¢(t,q) = aze-1(t, @) + 2 G° azp-4(t, @). ()
and substitute (b)), (b3), (¢) into (a):
azes2(t, @) — tq* 2 aze_1 (8, q)
= (3016, + 0% asea(t, ) + 16° aser (1,9~ 16° 7 asea(t, ).
That is
aser2(t, @) = U+t + 103 ageo1 (1, ) + P (1 - ¢°0) az_a(1, ). ()
Substituting ¢ — 1 to ¢ yields
ase-1(t,q) = L+ 1q> 2+ 1q° ) age_a(t, ) + P g> >0 - 4> ) age_a (1, ), (e)
which is the desired identity if we replace ¢ by tg°:
az-1tq°, @) = A+ 1> + 167 azg_4(10°, ) + PP 0= ) aze_a (1%, ).
4. We perform (d) + t>q3/*3 x (e):
aseaa(t, )+ 4 a3 (1, q)]
=0+t + 1) age (6, 9) + 27 (0 - *1) aze-a(t, q)
+ t2q3[+3 (1 + tq3€—2 + tq?)[—l) 613[_4(t, q) t2q3€—3(1 _ q3(—3) 613[_7(1', q)
= (1+tg> M+ 1) ageo1 (1, @) + P 3% aze-alt, q)]
+ 230 - @ age—a(t, )+ Pg* P ageq (1, q)] :
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Recalling (¢'), the three terms in brackets are ass,3(t,q), az¢(t, q), and az,_3(t, g) respectively.

Thus

3€+1 3€+2 2 _30+3

aspss3(t,q) = (1+tq Yase(t, @) + 2% 30— g3 ago_s(1, q).

5. Let us list the partitions whose largest part is at most ¢, where consecutive parts differ by at
least 3 and no two consecutive multiples of 3 appear:
(i) for ¢ =-1: ¢;hence a_,(t,q) =1;

(ii) for £ =2: @, 1,2; hence a,(t,q) = 1+ tq + tq*;

(iii) for ¢=3:@,1,2,3;hence as(t,q) =1+ tq+tq*>+t*q> = (1 + tq)(1 + tg?);

(iv) for¢=6:9,1,2,3,4,5,6,4+1,5+2,5+1,6+2,6+1; hence ag(t,q) =1+ tq+tq*>+t>q> +

tqt+ 1%+ 128+ 2% + 127 + 265 + 21 B + 121 g7
=(1+tq)(A+rg>)A+tq* +1q°) = A+ tq) A + tg?) ax (1G>, @).

6. We proceed by (double) induction on ¢. The cases ¢ =0 and ¢ = 1 have been checked in Ques-
tion 5. Let £ > 2 and assume that the identities

ase(t,q) = A+ tq) (1 + tq°) ase—a(tq°, @),
ase—s(t,q) = (L+tq) (1 + tq*) ase—7(tq°, q),

hold true. Then, using the recurrence relation of Question 4,

St N ag (8, ) + 2@ 20 - P ages(t, q)

3€+1 3l+2

ase+3(t,q) =1 +tq

=(1+tq)(1+tg*)|(1+1tq )aso—4(tq>, q)

2 30+3 3[ 3

+t°q 1- )ase—7(tq°, q)|.

Hence, by Question 3,
asea3(t, ) = (L+ tq) (1 + tg?) age-1 (g%, ). f)
7. Letting ¢ — oo in (f) we find, using Question 2,

n(t,q)=1+tq)(1+tgHntq’, q),

for |g|l <1, || < 1. By immediate induction,

r—1
k=0

=n(tq”, q) (~tq; 4 (~tq% 4°)r,
for every r € N. Letting r — oo we end up with (since 7(0,g) = 1)
(L, ) = (=1 G0 (=14 G")oo-
That is
Y. Dm,n)t"q" =) Cmn)t"q". -

m,n=>0 m,n=>0
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Exercise 3.3.7. Let M(k, r,n) denote the number of partitions of n with crank congruent to k mod-
ulo r. Show that for all n > 0,

M@O,7,7n+5)=---=M(6,7,7n+5).
Solution of Exercise 3.3.7. Write { := ™7 and (@)oo = (@} §) oo
Step 1. We show that for every n > 0,

(Do ~0
(Do (@0

Indeed, using that [ <3(1 - (kq) =1- q7, we have

a, = [q7l’l+5]

(@)oo _ (Do
(Do (@0 Tlix<3C* @)oo

1
= Frahe Do C Do Do (@oo o0 € Doy

where by Jacobi’s triple product identity,

P oo € Poo (@ ool oo Poo

ey 1 — CkK@mAD

(Do Do * oo = ¥ (-1 g"F o (ex)
m=0 1-¢

for k = 2,3. Hence a, arises in the product (e;) - (e3) from terms indexed by m, m’' such that
m(m+l) | m (”2" 1) = 5mod 7, thatis m = m’' = 3 (as seen in a previous exercise). But then 2m+1 =

2
Omod7,s01- (k(2m+1) =0 and these terms are 0.

Step 2. Recalling the bivariate generating function for the crank, we have

—_1 1_ _— - M ,
(Do (@Doo +(1-¢-8)q gz (m,m{"q

meZ

6
=Y Y MTm+kn{"mhg"

n=2 k=0
meZ

6
=y (Z M(k,7, n)(k) q".

n=2 \k=0

By the first step, the coefficient in q7”+5, n > 0, of the left-hand side is zero. We deduce that ( is
aroot of the polynomial

6
X)) =Y M(k,7,7n+5) X* € Z[X].
k=0

Since deg f,, < 6 and u(X) := 1+ X + X? +--- + X% is the minimal polynomial of {, there exists a
constant C,, € Z such that f;,(X) = C, u(X), which proves that

M(©0,7,7n+5)=---=M(6,7,7n+5) (= Cp). -
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