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Introduction Results Proof ingredients

Shannon’s entropy in the central limit theorem

Shannon’s classical entropy of a random variable X with density f :

S(X ) := −E log f (X ) = −
∫

f log f (=: S(f )).

Shannon’s problem (1940)

Let X1,X2, . . . be i.i.d., centered, with variance 1 and density f .
The central limit theorem states that, for Sn := X1 + · · ·+ Xn,

Yn :=
Sn√
n
====⇒
n→∞

G ∼ N (0, 1).

Conjecture: S(Yn) increase towards S(G ).

Now a theorem proved by Artstein, Ball, Barthe, and Naor (2004).
Earlier, Stam (1959) and Lieb (1978) had proven S(Y2) ≥ S(Y1).
Courtade (2016) gave a quick proof using maximal correlation.
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Introduction Results Proof ingredients

Courtade’s proof

Let ξ
X
:= f ′(X )

f (X ) (score) and Φ(X ) := E ξ2
X

(Fisher information).

De Bruijn’s identity: for G ∼ N (0, 1) independent of X ,

S(X ) =
1
2

∫ ∞

0

(
1

1 + t
− Φ

(
X +

√
t G
))

dt + C .

It is enough to show Φ(Yn) ≤ Φ(Ym) for m ≤ n, with Yn := Sn√
n
.

We observe that

ξ
Sn

= ξ
Sm

⊥⊥
+(Sn−Sm)

= E
[
ξ
Sm

∣∣∣ Sn],
therefore

Φ(Sn) = E ξ2

Sn
= E

[
ξ
Sm
ξ
Sn

]
=
√

Φ(Sm)Φ(Sn) ρ
(
ξ
Sm
, ξ

Sn

)
.

Dembo–Kagan–Shepp (2001): max-correlation sup
f∈L2(Sm)

g∈L2(Sn)

ρ(f , g) =
√

m
n .

Thus nΦ(Sn) ≤ mΦ(Sm), which means that Φ(Yn) ≤ Φ(Ym).
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Introduction Results Proof ingredients

Other occurrences of “entropy” and monotonicity

Sanov’s theorem: if (Xi )i≥1 are i.i.d. with law µ, then (LDP)

P

(
1
n

n∑
k=1

δXk
∈ A

)
≈ exp

(
−n inf

A
K

)
, where K (ν) := S

(
dν
dµ

)
.

Boltzmann entropy in Boltzmann’s equation of an isolated gas:

∂t ft(x , v) = −v∂x ft(x , v) + Q(ft , ft)(x , v),

with ft(x , v) the density of particles with speed v at position x .
H-theorem: S(ft) ↗ S(f∗) = max∫∫

v2f=c
S(f ).

Generally, for dXt = dBt −∇V (Xt) dt and ft dx = P(Xt ∈ dx),
the Helmholtz free energy decreases:

A(ft) ↘ A(f∗) = minA, with A(f ) := −S(f ) +
∫

Vf .

For details: Villani, H-theorem and beyond (2006).
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Introduction Results Proof ingredients

One last example: Voiculescu’s free entropy

Voiculescu’s free entropy of a self-adjoint operator is

Σ(µ) :=

∫∫
log |x − y |µ(dx)µ(dy),

expressed in terms of its spectral measure µ.

Suited for non-commutative probability:

Classical probability Free probability

X ,Y . . . ∈ (Ω,P) prob. space x , y . . . ∈ (A, τ) v.N. algebra

EXYXY = EX 2Y 2 τ(xyxy) ̸= τ(x2y2)

E f (X ) =
∫
f dPX τ(xk) =

∫
xk µ(dx)

independence freeness

convolution: PX ∗PY free convolution: µx ⊞ µy

Gaussian distribution semi-circular law/element

Shannon’s entropy S free entropy Σ
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One last example: Voiculescu’s free entropy, II

Voiculescu’s free central limit theorem (1991)

If x1, x2, . . . are free and identically distributed with τ(x1) = 0 and
τ(x2

1 ) = 1, then

yn :=
x1 + · · ·+ xn√

n
====⇒
n→∞

s (semi-circular element),

in the sense that τ(ykn ) → τ(sk) for all k ≥ 1.

Shlyakhtenko (2007): Σ(yn) increases to Σ(s).
D.–Youssef (2021): quick proof via maximal correlation.

Shlyakhtenko–Tao (2021): Σ(t−
1
2 ∗µ

⊞t) is increasing with t > 0.
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What about the classical theorems of random matrices?

For A ∈ Cn×n, we denote by µA its empirical spectral distribution:

µA :=
1
n

n∑
k=1

δλk (A).

If Xn := (ξij)1≤i ,j≤n is i.i.d. with mean 0 and variance 1, then
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Introduction Results Proof ingredients

Why Voiculescu’s free entropy is a good candidate
Derivation of the formula

Let ν ∈ P(R) be some spectral measure (macrostate).

Let Γn := {X ∈ Hn : µX ≈ ν} (microstates). Then

Σ(ν) ≈ 1
n2 log |Γn|.

We compute

|Γn| =
∫
Hn

1{µX≈ν} dX

X=UΛU∗
= cn

∫
µΛ≈ν

en
2 ∫∫ log |x−y |µΛ(dx)µΛ(dy) dΛ,

where cn := (2π)
n(n+1)

2 −1
/∏n

k=1 k!. We have log cn ≈ Cn2.

We find that

Σ(ν) ≈
∫∫

log |x − y | ν(dx)ν(dy).

For details: Biane, Entropie libre et algèbres d’opérateurs (2002).
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Why Voiculescu’s free entropy is a good candidate, II
Large deviation principle for the empirical spectral distribution

If P(H ∈ dX ) ∝ e−nTrV (X ) dX is invariant under Un, then

P
((

λ1(H), . . . , λn(H)
)
∈ dΛ

)
X=UΛU∗

∝ e−n
∑n

i=1 V (λi )
∏
i<j

|λi − λj |2 dΛ.

It follows that

P(ΛH ≈ ν) ∝
∫
µΛ≈ν

e−n2(
∫
V dµΛ−

∫∫
log |x−y |µΛ(dx)µΛ(dy)) dΛ

∝
≈
exp

{
−n2

(∫
V dν −

∫∫
log |x − y | ν(dx)ν(dy)

)}
,

hence a Sanov LDP with speed n2 and rate function
∫
V dν−Σ(ν).

For details: Ben Arous–Guionnet (1997), Hiai–Petz (2000).
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Why Voiculescu’s free entropy is a good candidate, III
Variational characterizations of the limiting distributions

Recall: for Xn := (ξij)1≤i ,j≤n i.i.d. with mean 0 and variance 1,
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µMP

{µsc} = argmin E(W) where E(W)(µ) := −Σ(µ) + 1
2

∫
x2 µ(dx);

{µcirc} = argmin E(G) where E(G)(µ) := −Σ(µ) +
∫
|z |2 µ(dz);

{µMP} = argmin E(M) where E(M)(µ) := −Σ(µ) +
∫
s µ(ds).

For details: Saff–Totik (1996).
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Monotonicity of E in the unitary Gaussian case
(Chafaï–D.–Youssef, 2022)

Suppose Xn := (ξij)1≤i ,j≤n are i.i.d. standard complex Gaussian.

Theorem 1

E(W)(EµWn) =

3
4
+

1
2

(
log n + γ +

1
2n

− Hn

)
,

Theorem 2

E(G)(EµGn) =

3
4
+

1
2

(
log n + γ +

1
2n

− Hn

)
+

∞∑
k=n+1

4−k
(2k
k

)
k(k − 1)

,

Theorem 3

E(M)(EµMn) =

3
2
+ log n + γ +

1
2n

− Hn,

where Hn is the n-th harmonic number and γ is Euler’s constant.
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Monotonicity of E in the unitary Gaussian case
Summarizing plots
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Figure: Plots of the logarithmic energies in the unitary Gaussian case.



Introduction Results Proof ingredients

Two open questions

Recall that Xn := (ξij)1≤i ,j≤n is i.i.d. with the NC(0, 1) law and

Gn :=
1√
n
Xn, Wn :=

Gn + G ∗
n√

2
, Mn := GnG

∗
n .

Our independent computations reveal that

E(G)(EµGn) = E(W)(EµWn) +
∞∑

k=n+1

4−k
(2k
k

)
k(k − 1)

.

Question. What is the meaning of that series?

Also,

E(M)(EµMn) = 2 E(W)(EµWn).

Question. Is there a quick, conceptual proof of this fact?
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Some empirical results
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Figure: Simulation of E (W)(EµWn) for different distributions of Xn := (ξij).



Introduction Results Proof ingredients

Some empirical results, II
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Some empirical results, III
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Some empirical results, IV

Gaussian β-ensemble: f
(β)
n (Λ) ∝ e−

2+β(n−1)
4

∑n
i=1 λ

2
i
∏

i<j |λi − λj |β
and

µ
(β)
n (dx) :=

∫
1
n

n∑
i=1

δλi
(dx) f (Λ)dΛ.
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Introduction Results Proof ingredients

Level densities of Ginibre, GUE, and LUE

EµGn(dz) =
√
n σGin

n (z
√
n) dz with

σGin
n (z) :=

e−|z|2

nπ

n−1∑
k=0

|z |2k
k!

, z ∈ C;

EµWn(dx) =
√

n
2 σ

GUE
n

(
x
√

n
2

)
dx with

σGUE
n (x) :=

e−x2

n
√
π

n−1∑
k=0

hk(x)
2

2k k!
, x ∈ R,

where hk , k ≥ 0, are the (physicist’s) Hermite polynomials;
EµMn(ds) = n σLUE

n (ns) ds with

σLUE
n (s) :=

e−s

n

n−1∑
k=0

Lk(s)
2, s ≥ 0,

where Lk , k ≥ 0, are the Laguerre polynomials.

For details: Mehta, Random matrices (2004).
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Exponential weight formulation of the logarithmic energy

Lemma

Let ν be a probability measure such that
∫
log(1 + |x |) ν(dx) < ∞.

Then for any p > 0,

−Σ(ν) =
γ

p
− 1

p

∫ ∞

0

dt
t

(
1

1 + t
−
∫∫

e−t|x−y |p ν(dx)ν(dy)
)
.

Proof Use Fibini’s theorem combined with

log a =

∫ ∞

0

dt
t

(
e−t − e−ta

)
, and γ =

∫ ∞

0

dt
t

(
1

1 + t
− e−t

)
. ■

p = 2 suited for the Gaussian kernel e−x2
(GUE);

p = 1 suited for the Laguerre kernel e−s (LUE).
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Introduction Results Proof ingredients

Evaluating binomial sums: an example

Lemma

Let On := 1 + 1
3 + 1

5 + · · ·+ 1
2n−1 . Then

16
∑

0≤k<ℓ≤n

(−1)k+ℓ

(
n − 1
k

)(
k − 1

2
n

)(
n − 1
ℓ

)(
ℓ− 1

2
n

)
Oℓ−k = (?)
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Thanks for your attention!
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