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Context
K ⊂ Rd symmetric convex body, PK ..= Uniform(K), ΣK ..= EK xxT .

• Kannan-Lovász-Simonovits (1995)
Let ψd be the best possible constant such that
∀K, ∀f, VarK f ≤ ψd ∥ΣK∥op EK |∇f |2.

KLS conjecture: ψd ≤ C.

• Bobkov-Koldobsky, Anttila-Ball-Perissinaki (2003)
Let σd be the best possible constant such that

∀K, VarK |x|2 ≤ σd ∥ΣK∥op Tr ΣK .

Variance conjecture: σd ≤ C.

• Bourgain (1989)
Let Ld be the best possible constant such that

∀K, det ΣK ≤ L2d
d Vol(K)2

.

Slicing problem: Ld ≤ C.
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Let Ld be the best possible constant such that

∀K, det ΣK ≤ L2d
d Vol(K)2

.

Slicing problem: Ld ≤ C.

• σd ≤ ψd.

• Bourgain ’91:
Ld ≤ d

1
4 log d.

• KLS ’95:
ψd ≤

√
d.

• Eldan-Klartag ’11:
Ld ≤ Cσd.

• Eldan ’13:
ψd ≤ Cσd log d.

• Chen ’21:
ψd = eo(log d).

• Klartag-Lehec ’22:
σd ≤ log4 d.
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Setting and main result
• Mn(F): space of n× n matrices T with entries in F ..= R, C, or H.
• s1(T ), . . . , sn(T ) singular values of T (= eigenvalues of

√
T ∗T ).

• E ..=Mn(F) or E ..= {T ∈Mn(F) : T ∗ = T}.
• E ≃ Rdn with dn ..= dimRE and Euclidean norm |x| ..=

√
TrT ∗T .

Schatten balls. Unit balls for the p-norm of singular values:

K ..= BE
(
Snp
) ..=

{
T ∈ E : ∥s(T )∥p ≤ 1

}
. (p ∈ [1, ∞])

Theorem 1 (DFGZ). If E = {T ∗ = T} and p ∈ (3,∞), then

dn
VarK |x|2(

Tr ΣK
)2 = dn

(
EK |x|4(
EK |x|2

)2 − 1
)
−−−−→
n→∞

(p− 2)2

2p2

<
1
2 .

Hence for n large, VarK |x|2 ≤ 1
2 ·
(

Tr ΣK

)2
dn

≤ 1
2 ∥ΣK∥op Tr ΣK .
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• Case p =∞ proved by Radke and Vritsiou (2020).
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General statements
• Recall K ..=

{
T ∈ E : ∥s(T )∥p ≤ 1

}
(E ≃ Rdn = Mn(F) or {T = T ∗}).

• Asymptotics for the q-inertia moments

Iq(K) ..=
(
EK |x|q

)1/q

|K|1/dn
.

Theorem A (Limit of the normalized inertia).
For either E =Mn(F) or E = {T = T ∗}, for any p ∈ [1,∞) and q > 0,

lim
n→∞

Iq(K)√
dn

= e
1

2p−
3
4

√
p

π(p+ 2) .

Theorem B (Asymptotics of the q-inertia moments).
For E = {T = T ∗}, p ∈ (3,∞) and any q > 0,

Iq(K)
I2(K) = 1 + (q − 2)(p− 2)2

16p2 dn
+ o

(
1
dn

)
.

Theorem 1 follows by taking q = 4 and raising to the fourth power.
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)1/q

|K|1/dn
.

Theorem A (Limit of the normalized inertia).
For either E =Mn(F) or E = {T = T ∗}, for any p ∈ [1,∞) and q > 0,

lim
n→∞

Iq(K)√
dn

= e
1

2p−
3
4

√
p

π(p+ 2) .

Theorem B (Asymptotics of the q-inertia moments).
For E = {T = T ∗}, p ∈ (3,∞) and any q > 0,

Iq(K)
I2(K) = 1 + (q − 2)(p− 2)2

16p2 dn
+ o

(
1
dn

)
.

Theorem 1 follows by taking q = 4 and raising to the fourth power.
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Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
=

cn∣∣BE(Snp )∣∣
∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫ ∞
0

e−t t
dn+q

p dt
∫

∥s∥p≤1

|s|q fa,b,c(s) ds

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
=

cn∣∣BE(Snp )∣∣
∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫ ∞
0

e−t t
dn+q

p dt
∫

∥s∥p≤1

|s|q fa,b,c(s) ds

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫ ∞
0

e−t t
dn+q

p dt
∫

∥s∥p≤1

|s|q fa,b,c(s) ds

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫ ∞
0

e−t t
dn+q

p dt
∫

∥s∥p≤1

|s|q fa,b,c(s) ds

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫ ∞
0

e−t t
dn+q

p dt
∫

∥s∥p≤1

|s|q fa,b,c(s) ds

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫ ∞
0

e−t���t
dn+q

p dt
∫

t≥∥x∥p
p

|x|qfa,b,c(x) dx

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫
Rn

|x|qfa,b,c(x) e−∥x∥
p
p dx.

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫
Rn

|x|qfa,b,c(x) e−∥x∥
p
p dx.

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.

• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫
Rn

|x|qfa,b,c(x) e−∥x∥
p
p dx.

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).

• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫
Rn

|x|qfa,b,c(x) e−∥x∥
p
p dx.

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.

• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫
Rn

|x|qfa,b,c(x) e−∥x∥
p
p dx.

• Saint-Raymond ’84: formulas and bounds for |BE(Snp )|.
• König-Meyer-Pajor ’98: proof of the slicing problem for BE(Snp ).
• Guédon-Paouris ’07: Iq ≤ C I2 for 2 ≤ q ≤ dn.
• Kabluchko-Prochno-Thäle ’19,’20: |BE(Snp )|1/dn & WLLN for s(T ).

B. Dadoun | Variance conjecture in Schatten balls › Proof summary of Theorems A and B 4/9 | PHD



Change of variable
EK |x|q = 1∣∣BE(Snp )∣∣

∫
BE

(
Sn

p

) |s(T )|q dT

T =USV ∗
= cn∣∣BE(Snp )∣∣

∫
∥s∥p≤1

|s|q fa,b,c(s) ds

where cn is explicit and depend on |Un(F)| and E, and

fa,b,c(s) ..=
∏

1≤i<j≤n
|sai − saj |

b
n∏
i=1
|si|c,

with b ..= dimR F, a ∈ {1, 2}, c ∈ {0, 1, 3} depending on E and F.

Convexity trick. × Γ
(
1 + dn+q

p

)
, then s← t−

1
p x, and last Fubini:

Γ
(

1 + dn+q
p

)
· EK |x|q = cn∣∣BE(Snp )∣∣

∫
Rn

|x|qfa,b,c(x) e−∥x∥
p
p dx.

We introduce

Pn,p(dx) ..= 1
Zn,p

fa,b,c(x) e−abnγp∥x∥p
p dx.

(
γp

..= 1
2 B
(

p
2 , 1

2

))
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Reduction to linear statistics of β-ensembles

EK |x|q = Zn,p cn(abnγp)
dn+q

p∣∣BE(Snp )∣∣Γ(1 + dn+q
p

) ∫
Rn

|x|q Pn,p(dx). (Lq)

• (Lq)
1
q ·(L0)− 1

dn
− 1

q

√
dn

∣∣∣BE

(
Sn

p

)∣∣∣ 1
dn

gives

Iq(K)√
dn

=
Γ
(

1 + dn

p

)1
q + 1

dn

Γ
(

1 + dn+q
p

)1
q

cn
1

dn

·
(
En,p |x|q

)1
q

Zn,p
1

dn

.

• (Lq)
1
q ·(L0)

1
2 − 1

q

(L2)
1
2

gives

Iq(K)
I2(K) =

Γ
(

1 + dn+2
p

)1
2

Γ
(

1 + dn+q
p

)1
q Γ
(

1 + dn

p

)1
2−

1
q

·
(
En,p |x|q

)1
q(

En,p |x|2
)1

2
.
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)1
q
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∼(2π)− 1

2 e− 1
p

− 3
4

·
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En,p |x|q

)1
q
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1
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.

• (Lq)
1
q ·(L0)

1
2 − 1

q

(L2)
1
2

gives

Iq(K)
I2(K) =

Γ
(

1 + dn+2
p

)1
2

Γ
(

1 + dn+q
p

)1
q Γ
(

1 + dn

p

)1
2−

1
q︸ ︷︷ ︸

=1− q−2
abpn2 +o( 1

n2 )

·
(
En,p |x|q

)1
q(

En,p |x|2
)1

2
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First order asymptotics
Let Vp(x) ..= 2γp|x|p and Ln(x) ..= n−1∑n

i=1 δxi
.

Suppose E = {T = T ∗}. In this case a = 1, b = dimR F, c = 0, so

Pn,p(dx) = 1
Zn,p

∏
1≤i<j≤n

|xi − xj |b e−bnγp∥x∥p
p dx

= 1
Zn,p

e− bn2
2 Hn,p(x) dx,

with Hn,p(x) ..= 1
n

n∑
i=1

Vp(xi)−
1
n2

∑
i ̸=j

log |xi − xj |

= Ip
(
Ln(x)

)
,

Ip(µ) ..=
∫
R
Vp(x)µ(dx)−

∫∫
R2

̸=

log |x− y|µ(dx)µ(dy).

• argmin
P1(R)

Ip = {µp}, µp ≪ Leb and Suppµp = [−1, 1];

• En,p ⟨Ln(x), f⟩ −−−−→
n→∞

⟨µp, f⟩ for all f ∈ Cb;

• − 1
dn

logZn,p −−−−→
n→∞

Ip(µp) = log 2 + 3
2p .

[Saff-Totik ’97,
Ben Arous-Guionnet ’97,

Johansson ’98,
Hiai-Petz ’00]
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First order asymptotics

Let Ln,p be a random measure having same law as 1
n

n∑
i=1

δxi under Pn,p.
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(a) p = 2;
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(d) p = 5.
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First order asymptotics

Let Ln,p be a random measure having same law as 1
n

n∑
i=1

δxi under Pn,p.

Lemma. There exist B, c, C > 0 such that, for U ..= (−B,B),

P
(
Ln,p

(
U c
)
> 0
)
≤ Cn e−cnB

p

, n ≥ 1.

Corollary. For all continuous, polynomially bounded f, g,

E g
(
⟨Ln,p, f⟩

)
−−−−→
n→∞

g
(
⟨µp, f⟩

)
.

• Then

lim
n→∞

Iq
(
BE
(
Snp
))

√
dn

= e
1

2p−
3
4

√
2⟨µp, x2⟩

π
,

and Theorem A follows (⟨µp, x2⟩ = p
2p+4 using the density of µp).

• As for Theorem B, at this point we can only conclude that

lim
n→∞

Iq
(
BE
(
Snp
))

I2
(
BE
(
Snp
)) = 1.
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Second order asymptotics
We know that ⟨Ln,p, x2⟩ → ⟨µp, x2⟩ a.s. and in moments. What can we
say about

Fn,p ..= n
(
⟨Ln,p, x2⟩ − ⟨µp, x2⟩

)
?

Theorem C. Suppose E = {T = T ∗} and p ∈ (3,∞). As n → ∞,
Fn,p converges in law and in moments to some N (mp,

1
4b ) variable.

We write ⟨Ln,p, x2⟩ = ⟨µp, x2⟩+ 1
nFn,p. Then

E ⟨Ln,p, x2⟩
q
2 = ⟨µp, x2⟩

q
2

(
1 + q EFn,p

2n⟨µp, x2⟩
+
q(q − 2)EF 2

n,p

8n2⟨µp, x2⟩2
+ o

(
1
n2

))
.

We deduce that

En,p |x|q(
En,p |x|2

)q
2

= E ⟨Ln,p, x2⟩
q
2(

E ⟨Ln,p, x2⟩
)q

2
= 1 + q(q − 2)

8⟨µp, x2⟩2
· VarFn,p

n2 + o

(
1
n2

)
.

Theorem B follows by raising to 1
q and replacing VarFn,p and ⟨µp, x2⟩.
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Second order asymptotics
We know thathL n;p ; x2i ! h � p; x2i a.s. and in moments. What can we
say about

Fn;p
..= n

�
hL n;p ; x2i � h � p; x2i

�
?

Theorem C. SupposeE = f T = T � g and p 2 (3; 1 ). As n ! 1 ,
Fn;p converges in law and in moments to someN (mp; 1

4b) variable.

We write hL n;p ; x2i = h� p; x2i + 1
n Fn;p . Then

E hL n;p ; x2i
q
2 = h� p; x2i

q
2

 

1 +
q E Fn;p

2nh� p; x2i
+

q(q � 2) E F 2
n;p

8n2h� p; x2i 2 + o
�

1
n2

� !

:

We deduce that

En;p jx jq

�
En;p jx j2

� q
2

=
E hL n;p ; x2i

q
2

�
E hL n;p ; x2i

� q
2

= 1 +
q(q � 2)

8h� p; x2i 2 �
Var Fn;p

n2 + o
�

1
n2

�
:

Theorem B follows by raising to1
q and replacingVar Fn;p and h� p; x2i .
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